EFFECTIVE DIVISORS ON THE HILBERT SCHEME OF POINTS IN THE PLANE 
AND INTERPOLATION FOR STABLE BUNDLES 



JACK HUIZENGA 

Abstract. We compute the cone of effective divisors on tfie Hilbert scfieme of n points in tfie projective 
plane. We show the sections of many stable vector bundles satisfy a natural interpolation condition, and 
that these bundles always give rise to the edge of the effective cone of the Hilbert scheme. To do this, we 
give a generalization of Gaeta's theorem on the resolution of the ideal sheaf of a general collection of n 
points in the plane. This resolution has a natural interpretation in terms of Bridgeland stability, and we 
observe that ideal sheaves of collections of points are destabilized by exceptional bundles. By studying the 
Bridgeland stability of exceptional bundles, we also show that our computation of the effective cone of the 
Hilbert scheme is consistent with a conjecture in [ABCH] which predicts a correspondence between Mori 
and Bridgeland walls for the Hilbert scheme. 
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1. Introduction 

For a projective variety X, the Hilbert scheme Xl"! parameterizes length n zero-dimensional sub- 
schemes of X. When X is a smooth surface, the Hilbert scheme is a useful compactification of the open 
symmetric product {X'^\A)/Sn parameterizing distinct collections of n points. By a result of Fogarty, in 
this case is a smooth projective variety of dimension 2n, and X^"! — )■ X"'/Sn resolves the singularities 
of the ordinary symmetric product |F1] . 
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An interesting topic in birational geometry is to describe the various birational models of moduli or 
parameter spaces. It is often the case that these models themselves admit interesting modular interpreta- 
tions, and describing these alternate compactifications is of particular interest. In [ABCHj . the problem 
of carrying out the minimal model program for the Hilbert scheme is discussed. 

A first step in carrying out the minimal model program for the Hilbert scheme P^l"! is to describe 
the full cone of effective divisors. In this paper, we compute the cone for every n, building on results 
from |Hlj where a partial answer was obtained. Along the way, we will be led to consider natural 
interpolation questions for stable vector bundles. We will also develop a generalization of Gaeta's theorem 
on resolutions of ideal sheaves of general collections of points in P^. This generalization will illuminate 
many cohomological properties of such ideal sheaves. 

The Picard group of P^t*^! has rank 2, and is generated over Z by classes H and A/2, where H is the 
locus of schemes meeting a fixed line and A is the locus of nonreduced schemes [F2j . The boundary 
divisor A always spans one edge of the cone Eff P^'"! of effective divisors ( [ABCHl IHlt IH2j ). For many 
values of n it is easy describe the other edge of this cone. For instance, if n = C^^^) is a triangular 
number, then there is a divisor given as the locus of schemes which lie on some curve of degree r, and this 
divisor spans the edge of the cone. Alternately, the divisor is described as the locus of schemes which fail 
to impose independent conditions on sections of the line bundle 0^2 (r). Generalizing this construction 
to allow more arbitrary vector bundles instead of only line bundles allows us to construct the nontrivial 
edge of Eff P^["l for every n. 

1.1. Interpolation for vector bundles. Let E he a vector bundle of rank r on a smooth curve or 
surface X. We say E satisfies interpolation for n points if a general collection Z of n points imposes rn 
conditions on sections of E, i.e. if 

h^{E®Iz) = h^{E)-rn. 

This forces hP[E) > rn; let W C H^{E) be a general subspace of dimension rn. Then the locus of 
Z e which fail to impose independent conditions on sections in W forms an effective divisor DE{n) 
in XW. 

In the particular case where X = P^, one sees by an elementary Grothendieck-Riemann-Roch calcula- 
tion (see |ABCHl IHlt IH2j ) that if is a vector bundle which satisfies interpolation for n points then the 
divisor DE{n) has class 

[DE{n)]=c,iE)-vkiE)^. 
If we let fJ-{E) = ci{E)/ rk(i?) be the slope., then this class spans the ray 

1^{E) - ^A. 

We are thus led to determine the minimum possible slope // of a vector bundle satisfying interpolation 
for n points. We will see that the extremal edge of the effective cone can always be realized as a divisor 
associated to a vector bundle in this way. Furthermore, the minimum slope ^ and vector bundles of slope 
/i with interpolation can be explicitly described. 

1.2. Stable vector bundles and interpolation. The key to determining the minimum slope /x of a 
vector bundle with interpolation for n points lies in considering stable vector bundles. A vector bundle 
E is (slope) -stable if every subbundle F C E with < rkF < rkii^ has fJ.{F) < fJ-{E). Our general 
expectation is that a stable bundle E of rank r typically satisfies interpolation for n points so long as it 
has at least rn sections. The number of sections of a general stable bundle E of slope fi{E) > is just 
X = x{E) by |GHj . so it is natural to try and determine the minimum possible slope of a stable bundle 
with the property x ^ ^'^^ A priori it could happen that no such minimum exists, since the infimum of 
the slopes of such bundles could be irrational. This, however, is not the case. 
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Theorem 1.1. For a fixed nonnegative integer n, the set of nonnegative slopes of stable bundles on 
satisfying x/r > n has a minimum ^. 

The number fi can be exphcitly computed for any given n, as we will see in Section HI The main 
difficulty is understanding when a given moduli space M(r, c, d) of stable vector bundles with Chern 
character (r, c, d) is nonempty. The answer to this question is well-known, but depends intimately on the 
geometry of the exceptional bundles on P^; these are the rigid stable bundles, i.e. the stable bundles E 
with Ext^(^,^) = 0. 

It is particularly important to understand the set of slopes of exceptional bundles on P^. By results 
of Drezet and Le Potier |Dr2l IDLPl ILPj , for any rational number G Q there is an associated exceptional 
slope a € S' such that the existence of stable vector bundles with slope ^ is controlled by the (unique) 
exceptional bundle Ea of slope a. Theorem 11.11 follows from a study of the number theory of exceptional 
slopes. These slopes have many interesting properties; we highlight one result in this direction here. 

Theorem 1.2. Let a ^ S be the slope of an exceptional bundle on P^. Every term in the even-length 
continued fraction expansion of the fractional part of a is a one or a two. Furthermore, these terms form 
a palindrome. 

1.3. A generalization of Gaeta's theorem. Let us recall Gaeta's theorem on the resolution of the 
ideal sheaf of n general points in (see [E]). Let Z he a general collection of n points in P^, and write 

r(r + 1) 

n=-^^ — - + s (0<s<r); 

there is a unique such decomposition. Then the ideal sheaf Iz admits one of the following two resolutions, 
depending on whether 2s < r or 2s > r: 

^ Op2(-r - 1)^-2^ © Op2(-r - 2)^ ^ Op2(-r)^^^+i Iz ^ 

^ Op2(-r - 2)^ ^ Op2(-r)^~^+i © Op2(-r - if'-' ^ Iz ^ 0. 

Let us focus on the case where 2s > r; a similar picture applies in the other case. We have r — s + 1 = 
dimHom(Op2(— r),/^), so define a sheaf W to be the kernel of the canonical map 

Op2(-r)©Hom(Op2(-r),7z) ^/z. 

Assuming the canonical map is surjective (which it is if say s < r — 2), W will be a vector bundle with 
resolution 

O^W^ Op2(-r - 2)^ ^ Op2(-r - 1)^^-^ ^ 0, 

where the map is the same one as in the resolution of Iz (and hence is general). 
The resolution 

O^W ^ C'p2(-r) ©Hom(C'p2(-r),/z) Iz ^ 

is particularly well-behaved when W is stable; however, W will be stable if and only if either ip~^ < s/r < 1 
or s/r is a convergent in the continued fraction expansion of v?"^, where (p = {1 + \/5)/2 is the golden 
ratio. When W is not stable, this resolution is somewhat unsatisfactory. In this case the terms of the 
Gaeta resolution do not optimally reflect cohomological properties of the ideal sheaf Iz', in particular, it 
may very well happen that V <^ Iz is acyclic (i.e. H^(y Iz) = for all i) for some vector bundle V, 
but that V (dW and V{—r) have cohomology. If one wishes to use the Gaeta resolution to prove V <^ Iz 
is acyclic, it becomes necessary to analyze the maps in the resolution, and things become unwieldy. Our 
generalization of Gaeta's theorem will resolve the ideal sheaf into a pair of semistable bundles which are 
much more suitable for such computations. 
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Theorem 1.3. Let fi be the minimum slope of a stable bundle on satisfying x{E)/r'k{E) = n. Let 
a £ be the exceptional slope associated to ii. If n < a, the general ideal sheaf I z of n points admits a 
canonical resolution 

O^W ^ E^a O Rom{E^a, Iz) ^ Iz ^ 

where W is a stable bundle and E^a is the exceptional bundle of slope —a. Similarly, if fi > a, the 
general ideal sheaf admits a canonical resolution 

^ S_„_3 Ext\lz, E.^.sT -^W^Iz^O, 

where W is a stable bundle. In each case, a resolution ofW by semi- exceptional bundles can be explicitly 
described. (For some sporadic values of n, W is actually an object of a derived category; see Theorem 
15.91 for a precise statement.) 

We also refer the reader to Theorem 15.91 for a statement in case /i = a. We note that the Gaeta 
resolution is recovered as the special case where the exceptional slope a is an integer. 

1.4. The effective cone of P^W. By combining Theorem 11.31 with the main result from |Hlj we can 
construct the extremal edge of the effective cone of P^W . 

Theorem 1.4. Let fi be the minimum .slope of a .stable bundle on P^ with xl'^ = n. A general such 
bundle V with sufficiently large and divisible rank satisfies interpolation for n points. Thus fiH — is 
the class of an effective divisor on P^H. Furthermore, the effective cone o/P^t"' is spanned by 

LiH A and A. 

^ 2 

Given the resolution of the ideal sheaf Iz, showing that such bundles satisfy interpolation amounts 
to a seemingly elementary problem from multilinear algebra. The problem is nonetheless challenging; in 
Section [6] we essentially show that it is a formal consequence of the fact that appropriate twists of stable 
Steiner bundles on P^ satisfy interpolation (which was the main result of |Hlj : that result can also be 
viewed as the special case of Theorem 11.41 where the exceptional slope associated to fi is an integer). 

The computational value of the generalized Gaeta resolution is demonstrated by the fact that if say 
jjL < a (as in Theorem II. 3p and y is a bundle as in Theorem [T31 then both y (g) and V ®E-a turn out 
to be acyclic. Thus there is no need to understand the map W — )• E^a ® Hom(£'_Q, to show V ® Iz 
is acyclic. Such complication was unavoidable with the original Gaeta resolution. 

To show that the effective cone is actually spanned by — ^A, we will produce a moving curve dual 
to this edge. In terms of the generalized Gaeta resolution, there is a rational map P^W M{ch{W)) 
sending the general scheme Z to the bundle W in the resolution of Iz- This map typically has positive- 
dimensional fibers, and we are able to use this fact to produce dual moving curves. 

Since it is a bit tedious to determine the exact value of ^ in the theorem by hand, we give a table 
describing the effective cone and associated exceptional slopes for small n at the end of Section [71 

1.5. Bridgeland stability. The generalized Gaeta resolution has further relevance when one discusses 
the Bridgeland stability of ideal sheaves Iz- In Sections [8] and [9] we will show that our computation of 
the effective cone Eff P^l"! is consistent with a conjecture in |ABCHj predicting a correspondence between 
the Mori walls for P^I"! and the Bridgeland walls in a suitable half-plane of stability conditions. We will 
see that our resolution shows that general ideal sheaves are always destabilized by certain exceptional 
bundles. The main step in the proof consists of determining when exceptional bundles are Bridgeland 
stable. We give a fairly complete answer to this question in Section [9l 

4 



1.6. Acknowledgements. I would like to thank Joe Harris, Izzet Coskun, and Daniele Arcara for their 
many helpful discussions regarding this work. Also, I am indebted to the anonymous referee of |H1] . 
whose suggestions pointed me towards the methods used in this paper. Finally, I would like to thank 
the community of MathOverflow for their help with finding references for basic facts regarding continued 
fractions. 

2. Preliminaries 

In this section we set notation for the paper and review parts of the classification of stable vector 
bundles on that will be necessary throughout the paper. We predominantly choose notations to agree 
with the papers of Drezet and Le Potier |Dr H [Dr2t IDLPl ILP] . and summarize results from those sources. 

2.1. Invariants of coherent sheaves. We collect here several formulas which will be used constantly 
throughout the paper. Let -E be a coherent sheaf on P^, with Chern character (chg, chi, ch2) = (r, ci, ch2). 
When r > 0, the slope and discriminant are defined by 

m = ^ and AiE) = - ^, 
r 2 r 

respectively. The Riemann-Roch formula relates the Chern character to the Euler characteristic by 

x(i?) = r(P(^)-A), 

where 

P{x) = ^(2;2 + 3x + 2) 

is the Hilbert polynomial of the trivial sheaf Op2. 
If F is another coherent sheaf, we put 

2 

=5^(-irdimExtX^,F). 

In case both E and F have positive rank, a variant of Riemann-Roch shows 

X{E, F) = r{E)r{F){P{fi{F) - fi{E)) - A{E) - A(F)). 
Finally, Serre duality for Ext-groups gives 

Ext\E, F) ^ Ext2-*(F, E{-3)y 

for each i jPLPl Proposition 1.2]. 

2.2. Exceptional bundles. The sources [DLPl ILPj are good references for the material in this subsec- 
tion. A coherent sheaf E is said to be stable (resp. semi-stable) if it is torsion free and every coherent 
subsheaf F C E with < r{F) < r{E) has ^{F) < i^i{E) with A(£') < A(F) (resp. <) in case of equality. 
For fixed values of the Chern character ch = (cho, chi, ch2), we denote by M(ch) the moduli space of 
semistable sheaves with ch(£') = ch. 

The invariant A is useful due to its connection with stable bundles. Bogomolov's theorem shows that 
A{E) > for a stable bundle E. Furthermore, when the moduli space M(ch) is nonempty, it is irreducible 
of dimension r^(2A — 1) -|- 1. In particular, if M(ch) consists of a single point, then A < 1/2. 

An exceptional bundle E is a stable coherent sheaf such that M(ch(£^)) is reduced to a point (it follows 
from this that E is homogeneous, hence locally free). Equivalently, it is a stable bundle with A{E) < 1/2, 
or a rigid stable bundle (i.e. a stable bundle with Ext^(£', E) = 0). A semi- exceptional bundle is a bundle 
of the form E^, with E exceptional. 
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For any rational number a G Q, denote by the denominator of a, i.e. the smahest positive integer 
r > with ra G Z. If there exists an exceptional bundle Ea of slope a, then it is unique and its invariants 
are given by 

rk{Ea)=ra ci{Ea) = ar^ := A(£'q,) = ^ ^1 - -^^ Xa ■= xiEa) = raiPia) - Aa). 

Note that £'* = and also Ea{l) = Ea+i- 

Exceptional bundles play an important role in the problem of determining when the moduli spaces 
M(ch) are nonempty. In particular, it is necessary to understand the set of slopes of exceptional 
bundles. 

Clearly <^ is invariant under translation a i— )• a+1 and inversion ai— >•— a. 11 a, f3 € £' and 3+a — /3 ^ 0, 
we define a rational number 

a + /3 Ap-Aa 
a.p = — h 



3 + 



which should be thought of as a modification of the mean of a and /3 (note that there is a typo in |Dr2] , 
and that A^ and Aq, are reversed there). Let & be the set of diadic rational numbers. There is a bijection 
e : ^ — )• described inductively by setting e(n) = n for n G Z and 



It is useful to keep several values of e where q is small in mind, so we record them here. 



p 





1 

8 


1 

4 


oolco 


1 
2 


5 
8 


3 
4 


7 
8 


1 







5 

13 


2 
5 


12 
29 


1 
2 


17 
29 


3 
5 


8 

13 


1 



21 \ 21 



The following arithmetic properties of this setup will be used repeatedly in computations. 
Lemma 2.1. Suppose 

Q = £ ( — ) p 

Then 

(1) a < a./3 < p, 

(2) Ta.p = rar/3(3 - a + /3), and 

(3) P{a-P) = A^ + Ap. 

Furthermore, the relations 



a. 13 — a = — and (3 — a. (3 



r2(3 + a-/3) ^ r2(3 + a-/3) 

hold. 

The "furthermore" part of the lemma is an elementary consequence of the previous properties. Most 
properties of exceptional slopes are more efficiently proved by using the identities in the lemma instead 
of invoking the explicit definition of a. (3. 
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2.3. Existence of stable coherent sheaves on P^. For any a G define a number 




which is the smaller of the two solutions of the equation P{—x) — Aq, = 2- The number Xa is always 
irrational. We denote by C M the interval 

The intervals Iq, are all disjoint, and they cover the rationals: 

Q = Qn U /«. 

If /i G Q, then the unique slope a € S' with /i G /q is called the associated exceptional slope to /i. 

Theorem 2.2 (Drezet jDr2j ). Suppose r > 1 is an integer, and /i, A G Q are numbers such that r/j, and 
r{P{fi) — A) are integers. Define a function 5 : Q — ?• Q by the formula 

6{n) = P{-\fj.- a\) - Aa iflJ'&Ia 

The moduli space M{r, fi, A) of semistable sheaves with invariants (r, /i, A) is nonempty if and only if 
either 

5{fi) < A 

or (r, fi, A) are the invariants of some semi- exceptional bundle. 

Write C = M \ Uae# view C as a generalized Cantor set, obtained by iteratively removing 

from M at step q all intervals Iq, where a is of the form e{p/2^). It is easy to see from what has been 
said so far that C is the closure of all the endpoints of the intervals Iq (just as is true for the ordinary 
Cantor set). While the next result is certainly known, the argument is fundamental to our discussion, so 
we include it. 

Proposition 2.3. The function 5 : Q — )■ Q admits a unique continuous extension to a function M — )• M, 
and 5(0 = 1/2 for all ^ £ C. 

Proof. We can define 5 on each interval by the formula 

5{i^l) = P{-\fi - a\) - A^, 

so it is clear that this extension of 6 is continuous everywhere except the points in C, where it has not 
yet been defined. Noting that 

lim 5{fi) = lim 6{fi) = J 

by the definition of Xa, we see that any continuous extension of (5 to M must satisfy 6{(,) = 1/2 for all 
C £ C. Thus we define 6(0 = 1/2 for ah ^ G C. We also observe that 6{n) > 1/2 for ah G M \ C 
since 6 is increasing on each interval (a — Xa] and decreasing on each interval [a, a + Xa). We must show 
continuity holds at ^ G C. 

If ^ G C is of the form a + Xa, then clearly 5 is left-continuous at ^. Similarly, if ^ is of the form 13 — xp, 
it is right-continuous there. Without loss of generality, suppose ^ is not of the form a + Xa] we show 5 is 
left-continuous at ^. Since ^ is in C but not of the form a + x^, it is an increasing limit of exceptional 
slopes. If a G fo' is any exceptional slope with a < then the maximum value of 5 on the interval 
occurs at a, and equals 

'^^"^^ 2 + 2^1- 
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For any e > 0, we can choose an exceptional slope a < ^ sufficiently close to ^ such that all rationals 
/i G [a, satisfy (2r^)~-'^ < e; then for all x G (a,^) we wih have — S{x)\ < e. □ 

2.4. Triads; resolutions of height stable sheaves on P^. A triad is a triple G, F) of exceptional 
bundles such that the slopes {fi{E) , ^(G) , ^{F)) are of the form (a, a./3, /3), (/3— 3, a, a./3), or (a./?, /3, a+3), 
where a, /3 are exceptional slopes of the form 

for some p,q (possibly with q = —1, so that e.g. (Op2, Op2 (1), C'p2 (2)) is a triad). Any exceptional slope 
can be written in the form a. 13, so any exceptional bundle can be viewed as the bundle of slope a./3 in 
any of the three types of triads. The results from the ffi'st part of this subsection can be found in |Drlj . 
For any triad {E,G,F), the canonical map 

ev* : F(g)Hom(G,F)* 

is injective, and the cokernel is an exceptional bundle S (for a discussion of which exceptional bundle S 
is, see either |Drlj or Theorem 19.31 in this paper). On the other hand, the map 

ev : Hom(^, G) ^ G 

is surjective, with kernel S{—3). For any coherent sheaf V on P^, there is a canonical complex 

E(^Ext^{V,E)* G(^Ext\S,V) ^ F(^Ext\F,V) 

coming from a generalized version of the Beilinson spectral sequence. If Hom(F, V) = Hom(y, E) = 0, 
then the map Ay is injective, the map By is surjective, and the middle cohomology is just V. 

Many numerical invariants of pairs of members of a triad are easily computed, in light of the following 
vanishing theorem. 

Theorem 2.4 (Drezet [Drll Theorem 6]). If E,F are any exceptional bundles with fJ,{E) < fJ.{F), then 
Ext\E,F) = fori>0. 

One then easily concludes the following facts by computing Euler characteristics: 

F* ® E, F* (g) G, and G* ^ E are acyclic 

dim Hom(F, G) = 3 rk{F) dim Hom(G, F) = 3 rk(F) rk(5) = 3 rk{E) rk(F) - rk(G) 

Let y be a stable sheaf with invariants (r, ^u, A), and let a £ (o he the exceptional slope associated to 
/i. The height of V is defined to be the integer 

h{V) = rr^{A-6{fi)). 

In case // < a, this is just the number —x{Ea, V); similarly, in case /i > a is equals —x(y,Ea). 

In the case where the height is zero, the above complex degenerates considerably, as discussed in [Dr2] . 
To see this, suppose V has height zero, and first assume a — Xq < < a. Choose a triad (E, G, F) with 
F = Ea- We have inequalities of slopes 

/i(F)<MG)<M^)<Mi^). 

The height zero hypothesis gives x(-^i ^) = 0- Stability and the fact that V is non-exceptional gives 
Rom{F,V) = and Ei<.t^{F,V) = (by Serre duality). Thus also Ex.t^{F,V) = 0. Stability also gives 
IIom(y, E) = 0, so we conclude that the complex gives an exact sequence 

E(^E^t^{V,E)* -^G(^Ex.t^{S,V) V ^ 0. 
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If we write this resolution in the form 



then the hypothesis that a — Xq, < < a is equivalent to the inequalities 
(1) raXa < < 



7712 rk5 

In case q < /i < a — x^, we choose a triad {E, G, F) with E = Ea, and an identical argument gives an 
exact sequence 

O^V ^G(^ Ext^{S, V)^ Ext^(F, V) 0. 
This time, writing the resolution in the form 

the same inequalities ([1]) also hold, where it is understood that S has changed because we are using a 
different triad. 



2.5. A Bertini-type statement. Throughout the paper, the following setup will occur several times. 
Suppose E, F are vector bundles of ranks m,n on a smooth variety X and the sheaf 7iom{E, F) is 
globally generated. For a map <j) : E ^ F, denote by Dk{4>) the degeneracy locus {x S X : rkc/)^: < /c}. 

Proposition 2.5. With the preceding setup, if (j) is general then Dk{(j)) is empty or has the expected 
codimension [m — k){n — k). Furthermore, in case the general Dk{(t)) is nonempty, the locus of (p G 
Ilom{E,F) where Dk{(j)) has greater than the expected dimension is at least of codimension 2. 

Proof. We quickly sketch the argument, which is just an analysis of the proof of [01 Theorem 2.8]. By 
global generation, we have a surjection 

H^{E* ^F)(g)Ox ^ E* 0F ^0, 

which shows that the natural evaluation map 

ev : X X ¥H^{E* ® F) ^ F{E* F) 

is surjective and has fibers isomorphic to ff^°iE*^F)~mn^ There is a subvariety C ¥{E* ^ F) consisting 
of those points (px '■ Ex — >• Fx such that i]i{(j)x) < k, and it is irreducible of codimension (m — k){n — k). 
Then Z = ev~-^(Sfc) is an irreducible variety of dimension h^{E* (^F) — {m — k){n — k) — l. If the projection 
q : Z ^ FH^{E* ® F) is surjective, then the general fiber has dimension dimX — (m — k){n — k), so 
Dk{(t>) has codimension (m — k){n — k). Furthermore, in this case the dimension of the fibers of q cannot 
jump in codimension 1, as this would violate the irreducibility of Z. Alternately, if q is not surjective 
then Dk{<l)) is empty for general (j). □ 



3. Number-theoretic properties of exceptional slopes 

The exceptional slopes a £ S' have many surprising number-theoretic properties. These will be 
of utmost importance in proving that the set of nonnegative slopes of stable bundles V such that 
x{V) / rk{V) > q, for q G Q>o a fixed nonnegative rational, has a minimum. 

The main goal of this section is to describe nice properties of the continued fraction expansion of any 
a £ (o. To do this, we essentially give an algorithm which computes the continued fraction expansion of 
a in terms of the binary expansion of the diadic number with e{p/2'') = a. 
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Since the set S of exceptional slopes is invariant under translation by 1, it will suffice to consider only 
the case where < q < 1. For any real numbers oq, • • • , for which it makes sense, define the number 



[ao;ai, . . . ,afe] := oq + 



ai + 



1 



1 

+ — 

Ofc 



Recall that any rational number < a < 1 has a unique continued fraction expansion a = [0; ai , . . . , a^] 
where the Oj are positive integers and k is even. Indeed, if k is odd with = 1 then we can write 
a = [0; oi, . . . , afc_i + 1]; on the other hand if k is odd and > 1 then a = [0; ai, . . . , — 1, 1]. 

Following standard notation, we let pn and qn be the numerator and denominator of the rational 
number [0; oi, . . . , o„], called the nth convergent of a. With this notation, a = Pk/Qk- The fundamental 
relation between convergents is encapsulated by the equality of matrices 





It is immediate from computing determinants that qnPn~i — Qn-iPn = 

We say that the continued fraction expansion of < a < 1 is palindromic if the word ai, a2, . . . , flfc is a 
palindrome, i.e. if ai = ak+i-i for each i. Taking transposes of the above equality of matrices and using 
the uniqueness of continued fraction expansions of a given length, we recover the following well-known 
fact. 

Lemma 3.1. A continued fraction expansion [0; ai, . . . , Ok] for the number a is palindromic if and only 
if Pk = Qk-i- That is, the denominator of the penultimate convergent equals the numerator of a. 

With preliminaries out of the way, we are now ready to state and prove our main result on the continued 
fraction expansion of an exceptional slope a £ S". 

Theorem 3.2. Let < a < 1 be an exceptional slope. The unique continued fraction expansion a = 
[0; oi, . . . , Ok] with k even is palindromic, and every Oi is either 1 or 2. Furthermore, 

(1) every block of ones in the word ai, . . . ,ak has even length, and 

(2) every block of twos in the word 02, ... , flfc-i has even length. 

Proof. The theorem is clearly true for a = 0. Any exceptional slope in the interval (0, 1) can be written 
uniquely in the form a./5, where 

f P\ n (P+'^ 

a = e — p 



21 J \ 21 

for integers p, q with < p < 2i — 1 and q > 0. We wish to induct on q. There is a slight difficulty, in 
that perhaps /3 = 1, where the integer part of the even length continued fraction expansion is not 0. To 
circumvent this, we simply note that for every A; > we have 

F2k 



(1 - 2-'=) 



2k+l 




where Fq = 0, Fi = 1, Fn+2 = Fn+i + Fn is the Fibonacci sequence. Thus the theorem is true for all 
slopes of the form e(l — 2~^). For any a.p not of the form e(l — 2"^^) we will have /3 < 1, and thus we 
may assume by induction that the theorem holds for a and /3. 
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We now describe how to compute the continued fraction expansion of a. (3 when the theorem holds for 
a = [0; ai, . . . , Ofc] and /? = [0;bi, . . . ,bi] (where k, I are even so that the expansions are pahndromic). 
First suppose that /? is of the form 

/3 = [0; 61,62, •• 2]. 

Consider the continued fraction 

[0;6i,62, . . . ,6;_i, 1, l,2,ai, . . . ,ak]. 

Visibly every term is a 1 or a 2, and one easily checks the hypotheses on the lengths of blocks of ones 
and twos are satisfied by this new word. The length of the word is also even. Furthermore, the equality 
[1; 1, 2 + x] = [2; — (3 + x)], valid for any real x ^ —2, —3, shows that this continued fraction equals 

[0;6i,...,6i_i,2,-(3 + a)] = [0; 61, . . . , 6;, -(3 + a)]. 

We'll show in a minute that this number is precisely a. (3. Before that, we handle the other possible form 
of /3. If instead 

/3= [0;6i,...,6z_2,l,l] 
(recalling that ones occur in blocks of even length) we consider the fraction 

[0;6i, . . . ,6/_2, 2,2,ai, . . . ,ak], 

again easily verifying that the condition on the parity of lengths of blocks is satisfied. Here the equality 
[2; 2 + x] = [1, 1, —(3 + x)], valid again for real x 7^ —2, —3, shows that this fraction equals 

[0; 61, ... , 6i„2, 1, 1, -(3 + a)] = [0; 61, . . . , 6;, -(3 + a)]. 

Thus, in either case we must show 

a. (3 = [0; 61,..., 6/, -(3 + a)]. 

Proving this relies on the palindromic property of the continued fraction expansion (3 = [0; 61, . . . , 6;]. 
Writing Pi/qi for the convergents of [0; 61, . . . , 6/, — (3 + a)], we have the relation 

Pi+i ^ -(3 + a)pi +P1-1 
qi+i -(3 + 0)^; ' 

and we must show this number equals a. 13. From the palindromic property of /3, we get = pi. Writing 
everything in terms of (3 and r^, we thus have 

Pi = Prp Qi = qi_i = /3r^ pi_i = — + /3^r^, 

where pi-i is determined by the relation pi-iqi — piqi-i = 1, recalling that I is even. Making the 
substitutions, basic algebra (using no special properties of a, (3) shows 

B-P^ = I 

qi+i rj{3 + a-f3)' 

Comparing this with Lemma |2.H we conclude = a./3. 

To complete the proof, it remains to show that our discovered continued fraction expansion a. 13 is 
palindromic. To do this, we take the expansions we found and verify that reversing the terms gives 
a fraction that also equals a. (3; by uniqueness of even length expansions we conclude the expansion is 
palindromic. 

So first suppose we are in the case where 6/ = 2. The fraction obtained by reversing the terms of 

[0;6i, . . . ,6/_i, 1, l,2,ai, . .. ,ak] 

is the fraction 

[0;ai,...,afc,2,l,l,62,...,6;] 
11 



making use of the palindromic hypothesis on a and Now [1; 621 • • • i = /5 ""^ — 1 = [— 1; /?], and for 
any a; / 0, 1 we have [2;1,— l,x]=3 — x. Thus this fraction equals 

[0;ai, . . . ,afc,3 - /3]. 

Similarly, in case 6/ = = 1, the fraction obtained by reversing the terms of 

[0;6i, . . . ,6i_2,2,2,ai, . . . ,afc] 

is 

[0;ai,...,afc,2,2,53,...,6/]. 

One easily checks [2; 2, 63, . . . , 6^] = 3 — /3, so in this case the fraction also equals [0; ai , . . . , a^, 3 — To 
complete the proof we must verify that a./3 = [0; ai, . . . , a^, 3 — Letting j)ilqi be the convergents, we 
use the palindromic property of a to easily compute 

a 



qk+i r2(3 + a-/3)' 

Again comparing with Lemma [2Tt we conclude pk+i/lk+i = OL.j3. □ 

An immediate consequence of our description of the continued fraction expansion of a S is the 
following elementary congruence, which we will need later. We do not know of a simple proof of this fact 
that does not make use of continued fraction methods. 

Corollary 3.3. If a ^ ^ is an exceptional slope, then (orc)^ = —1 (mod r^). 

Proof. Clearly the congruence only depends on the fractional part of a, so we may assume < a < 1. If 
[0; ai, . . . , Ofc] is the even length palindromic continued fraction expansion of a, then quVk-i — Qk-iPk = 1) 
which in light of the palindrome condition gives raPk-i — = 1- D 

Corollary 3.4. Let C = M \ IJaG^-^a- ^ ^ then the fractional part of the continued fraction 
expansion of ^ has only ones and twos in it. 

Proof. Since |J^ la covers the rationals, ^ is irrational. Inspection of the continued fraction algorithm 
reveals that for each k, there is an e > such that all A G (S, — ^^S, + e) have the same first k terms in 
their continued fraction expansions as But every element of C is a limit of exceptional slopes. □ 

Corollary 3.5. Let D > 5 be a rational number. The number 

^ -^ + Vd 

^ = 2 

lies in for some a £ S'. 

Note that the numbers aztx^ are all quadratic irrationals, and they all lie in C. Thus many quadratic 
irrationals do not lie in some /„. Furthermore, when D = 5 the result is false, as then ^ = — xq. 

Proof. If is a square the result is obvious, so we may assume is irrational. Also, if 5 < D < 9 then 
— < ^ < 0, so G /q- Thus we assume D > 9 is not a square. 
Let r be the positive integer such that 

(2r + 1)2 <D < (2r + 3)^ 

We claim the (repeating) continued fraction expansion of ^ takes the form 

[r - l;ai,...,afc] 

with Ofc = 2r + 1. Since 2r + 1 > 3, we will conclude from Corollary 13.41 that £, ^ C and hence £ la for 
some a. 
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Consider the number ^ + r + 2. The integer part of this number is 2r + 1, so it wih suffice to show that 
it is purely periodic, i.e. that 

i + r + 2= [2r + l;ai,...,afc-i]. 
It is well known |Daj that a quadratic irrational is purely periodic if and only if it is larger than 1 and 
its algebraic conjugate is between —1 and 0. Thus we must only check the inequalities 

-3- /D 
-1 < r + 2 + < 0, 

and these are equivalent to (2r + if < D < (2r + 3)^. □ 

4. The associated exceptional bundle 

Let Z € P^["l be a general point. In the next section, we will determine a particularly nice resolution 
of the ideal sheaf Iz by a semi-exceptional bundle and a stable bundle. One of the more challenging 
aspects of finding this resolution is simply determining which exceptional bundle is the correct one. The 
goal of this section is to determine the slope of the exceptional bundle which is naturally associated to 
the ideal sheaf Iz- 

As a first goal, we aim to determine the minimum possible slope ^ of a stable bundle V with the 
property that x(^) ^ rk(y)?i. To do this, we introduce an auxiliary function 7 : Q>o — s- Q>o on the 
nonnegative rationals by the formula 

7(/i) = P(^)-5(//), 

noting that 7(0) = 0. By Theorem 12. 2 1 for any rational numbers /i,A, there exists a non-exceptional 
stable bundle V with slope n and discriminant A if and only if A > (5(//). Equivalently, there exists such 
a bundle if and only if 

> - A = 

Thus for each ^ € Q>o the maximum value of the ratio x(y)/rk(y) over all non-exceptional stable 
bundles V of slope ^ is precisely 7(/u). 

Since 5 admits a unique continuous extension to M by Proposition 12.31 we see immediately that 7 also 
admits a continuous extension to a function 7 : ]R>o — )• M>o. Let us establish several other elementary 
properties of the function 7. 

Proposition 4.1. The function 7 : M>o — )• M>o 

(1) is strictly increasing, 

(2) is piecewise linear with rational coefficients on each interval la, where a € S', and 

(3) is unbounded. 

In particular, 7 has an inverse. 



Proof. We first record a more explicit formula for 7. On any interval la, 7 takes the form 

a{fi + 3) + 1 -|- Aq, — P{a) if fi ^ {a — Xa,a] 
{a + 3)fi + 1 + Aq, — P{a) if ;U E [a, a -|- Xa). 



Properties (2) and (3) follow immediately. Clearly 7 is increasing on each interval (o; — Xa,cy^ ~t~ ^a). 
Thus to see 7 is strictly increasing, it will suffice to see that if < a < /? are exceptional slopes then 

7(0 + Xa) < 7(/3 — X13). But 

-f{a + Xa) = P{a + Xa)-S{a + Xa) = P{a + Xa)-^ < P{/3-Xi3)-^ = P{P-Xi3)-d{(3-Xi3) = 7(/3-X;3) 

since the function P(x) is increasing on [—3/2, 00) and a + Xa < P — xp. □ 
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Let q G Q>o be fixed. Since 7 is increasing, we conclude that there exists a non-exceptional stable 
bundle V of slope ^ > with 

<?<x(^)/rk(F) <7(/^) 

if and only if 7~^(g) < H- Thus the set of slopes of non-exceptional stable bundles with fJ-{V) > and 
x{V) / rk(V) > q has a minimum if and only if "y~^{q) is rational. That this is always the case follows 
from our investigation into the number theory of exceptional slopes, as we shall now see. 

Theorem 4.2. The function 7 : Q>o — ?• Q>o is a bijection. 

Proof. Let q £ Q>o, and put ^ = J~^{q)- If ^ G for some a G S', then since 7 is piecewise linear with 
rational coefficients on Iq, we conclude that (, & Q, and we are done. If ^ lies in no /„, then we have 

q = ^(e) = - 6(0 = p{o -\ = \{i + ^^ + e), 

and thus 

. -3 + V5T8^ 

^ = 2 • 

Since g > 0, this contradicts Corollarv 13.51 unless g = 0; in case q = we trivially have ^ = 0, so we are 
done. □ 

Remark 4.3. In fact, keeping notation from the proof of the theorem, it is easy to show that if a is the 
associated exceptional slope to 7~^(g) then ^ E /„. Once the associated exceptional slope to 7~^((?) is 
known, it is easy to determine 7~^(g) precisely. Thus a fast method for determining 7~^(g) is to first 
find the interval /q, in which ^ lies. 

Corollary 4.4. For every q £ Q>o, the set of nonnegative slopes of non- exceptional stable bundles V 
satisfying x(^)/i'k(^) ^ Q ho-s a minimum, namely ^~^{q)- Furthermore, any such V of minimum 
possible slope has x(^)/ i'k(^) = q- 

We now turn to including the exceptional bundles into the discussion. These bundles have an unusually 
large ratio Xa/^a for their slopes, so they require special attention. We first collect some more necessary 
facts about the exceptional slopes in the following easy lemma. 

Lemma 4.5. Let a £ S" be nonnegative, and let n be a nonnegative integer. 

(1) We have 

7(0) < — < 7(0 -I- Xa). 

(2) //7(a) < n then Xa/ra < n. 

(3) It is never the case that 7(a) = n unless a is an integer; in this case 

(a + 2)(a + l) ^ 



Proof (1) Note that 



— -7(a) = 4"- 



The derivative of the function 7(/u) on the interval [a, a + Xa) is a -|- 3, so it suffices to show 



In fact, even 



1 

-5- < Xa{a + 3). 



2 ^ 3xq. 
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is true, and is easily verified by basic algebra. 

(2) Assume that XolI^ol > Since Xa is an integer, we must actually have 

Xa ^ 1 
— > n H . 

To. 



But then 



7(") = — - \ >n 

Try ri 



• a 

since Tq, > 1. 

(3) We compute 

-1 + + 3(ar„)rQ, + a^r^ 



7(a) 



2rl 



The numerator of this expression is congruent to —1 + a^r^ (mod Tq), so since a^r^ = —1 (mod Tq) by 
Corollary 13.31 we see that 7(a) is not an integer, except possibly when a is an integer or half-integer. 
However, when = 2 we compute that the numerator is congruent to 2 mod 4. The expression for 7(a) 
when Q is an integer is elementary. □ 



We now remove our "non-exceptional" hypothesis from Corollary 14.41 

Theorem 4.6. Let q € Q>o- The set of nonnegative slopes of stable bundles V with the property 
xiV) / y:k{V) > q has a minimum fi. 

In case q = n is a positive integer, there exist stable V of slope /i with x(^)/ i'k(^) = n. In fact, unless 
n is of the form (r -|- 2)(r -|- l)/2 — 1 for a positive integer r, no stable V of slope ji has x{^)/ rk(^) > n. 

Proof. We already know from Corollary 14.41 that the set of nonnegative slopes of non-exceptional stable 
bundles with the property xiV)/ rk(y) > q has a minimum A = 7~^(9). Let a S' he the associated 
exceptional slope to A. If /3 G (f has < /? < a, then by Lemma (1) 

^<7(/3 + x^)<7(A) = g, 

so the exceptional bundle Ep does not have x(-£'/3)/^^k(£^^) > q. On the other hand, it is possible 
that Xa/fcx ^ (1 and a < A. It follows that the minimum nonnegative slope ^ of stable bundles with 
x(V^)/rk(y) > (7 is either a or A; at any rate, the minimum exists. 

Now suppose q = n is a positive integer. With the notation of the previous paragraph, if = A then 
it follows from Corollarv 14.41 that every non-exceptional stable bundle of slope /i with x(^)/ i'k(y) > n 
actually has x(^)/rk(y) = n. If in fact we have fi = X = a, then we must have 7(a) = n, so n is of the 
form (r -|- 2)(r -|- l)/2 — 1 by Lemma 1^51 (3). Finally, in case fi = a ^ X we see a < A, so 7(a) < n. By 
Lemma H3] (2), we conclude Xa/i"a < n, and thus Xa/i"a = n. □ 



At last, we can make precise our notion of the associated exceptional bundle to the ideal sheaf Iz of 
n general points. 

Definition 4.7. For an integer n, let /i be the minimum nonnegative slope of a stable bundle V with 
xi^)/ i'k(y) = n. Let a G be the associated exceptional slope to fi. The associated exceptional slope 
to is a. 
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5. Resolution of the ideal sheaf of n points 

In this section we exhibit a particularly nice resolution of the ideal sheaf of n > 2 general points in 
P^. The strategy will be to first describe the resolution for some Z G P^W, then argue that in fact the 
general Z has a resolution of this form as well. 

Let ?i > 1 be fixed for this section, and until further notice 

/r + 2\ 

assume that n is not of the form i ^ )"''"' 

We will handle this very easy case later; while it is possible to handle it uniformly with the other cases, 
incorporating it into the main dialog makes things much more confusing due to its exceptional nature 
with respect to Theorem 14.61 

We begin by letting fi be the minimum nonnegative slope of a stable bundle with the property x/r > n. 
Consider the exceptional slope associated to /i. We may write it in the form a./3 for some a,(3 £ with 

f P\ a (P+'^ 
a = £ [ — ] p 



21 ) V 29 

The triples {Ejs^^, Ea, E^.p) and {Ea./s, Ei^, Ea+s) are then both triads. 

Lemma 5.1. Suppose /i 7^ a./3. (Since n 7^ ^2^^) ~ 1; this is equivalent to assuming = n). 

(1) If fi £ (a./3 — Xai3,ct-/3), there exists a stable bundle V of slope fi with i'k(V^) = n and 
vk{V) = {a./3)r^.p. 

(2) If fi £ {a./3,a.l3 + Xa.13), there exists a stable bundle V of slope fi with i'k(y) = n and 
rkiV) = {a./3 + 3)r^.p. 

Proof. Suppose fi G (a./3 — Xa./3,a.l3). By Proposition 14. H we compute 

7(/i) = {a.f3){fi + 3) + 1 + A^,^ - P{a.(3) = n, 

so 

^ n - I + P{a.f3) - Aa.ff _ ^ ^ (n - l)ra,p + Xa.fS _ ^ 
a. 13 {a.(3)ra./3 

and it follows that fi{a./3)ra,i3 is an integer. We conclude by Theorem 12.21 that the necessary V exists. 
The argument when fi S {a.f3,a.j3 + Xa.p) is analogous. □ 

Definition 5.2. In case fi 7^ a./3, any bundle provided by Lemma |5. II is called an associated orthogonal 
bundle to the general ideal sheaf Iz of n points. When 7(/i) < n, we have Xa.fs/fa.p = and the 
exceptional bundle Ea./3 is called the associated orthogonal bundle. 

We denote by V an associated orthogonal bundle to Iz- The terminology comes from the numerical 
expectation that if Iz is general then H^(y (8) Iz) = for all i. Suppose V is not exceptional. In this 
case, we have 

Pifi) - 5{fi) = ^ifi) = n = ^ = P{fi) - A(y), 

so A(y) = 5{fi) and V has height zero. Thus V admits a nice resolution by semi-exceptional bundles. 
Proposition 5.3. // V is an associated orthogonal bundle, one of the following three possibilities holds. 
(1) fi = Q./3 and V is exceptional. 
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(2) < a.[i, and rk(y) = (a./3)rQ,^. In this case, V admits a resolution 

^ ^jig ^ ^ y ^ 0, 

wheremi = ra{fJ'—ci){ct-/3) andm2 = r^(/i— /3+3)(a./?). In particular, the numbers ra{n—a){a. 13) 
and r^(yLt — /3 + 3)(a./3) are positive integers. Furthermore, the inequalities 

mi Tq.^ 



m2 Sri^ra.is - 
hold. 

(3) ^ > a. 13, and rk(y) = (a./3 + 3)rQ,./3. /n i/iis case, V admits a resolution 

wit/i 7712 = ^^(3 + a — /i)(a./3 + 3) and jni = r^(/3 — fi){a./3 + 3), and i/ie inequalities 

mi ra.i3 



"^2 3rara./3 - r^j 

Proof. Suppose we are in case (2), so that fi < a.j3. Since V has height zero, associated exceptional slope 
a./3, and {Ep_^,Ea,Ea.p) is a triad, there exists a resolution of the form 

^ EJ\^ E'^-' ^Q. 

It follows that 

_ ci(^^i3) + ^i(^) _ mi(/3-3)r;3 + /i(«-/3K./? 
" " ^ Tk{Ef^^)+Tk{V) mirp + ia.aWp ' 

and by basic algebra 

r/3(3 + a-/3) 

where we made use of the identity r^^p = rarp{2> + a — (3). Comparing ranks, we have 

m2ra = mir/B + (a./3)ra,/3, 

and using r^^j^ = rarj^^S + a — /3) again we conclude m2 = rp{^ — (3 + 3)(a./3). The inequalities on mi/m2 
follow immediately from Section [2.41 

In case (3) we use the triad {E^^is, Ej^, E^+s) and perform an identical calculation. □ 

The discussion of Section 12.41 shows that the prior resolution of V is canonical, and that the numbers 
mi and m2 are suitable Euler characteristics. 

5.1. The resolution of Iz for fi < a. (3. At this point we "guess" a resolution of an ideal sheaf Iz. First 
let us suppose ^ < a.j3 and rk(y) = {a.f3)ra,p. Put mi = rQ,(/i — Q;)(a./3) and m2 = rp{iJL — (3 + 3)(a./3), 
so that we have a resolution 

^ EJ\^ E^^^ 

From the inequality 

mi 
m2 

we find Sra./smi > m2 (proving this reduces to the inequality 3xa./3r'^ 13 ^ ^ already considered in the 
proof of Lemma 14.51 (1)). 

Thus we may consider a coherent sheaf W defined by the exact sequence 

O^W^ E'^l^^^ % E^y""'-""' ^ 
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where the map (j) between semi-exceptional bundles is general. To ensure that (j) is surjective, we restrict 
our attention to the case where the "expected rank" mira — (Sr^./jmi — m2)ri3 of W is at least 2; we will 
see later that this is not very restrictive at all, and will handle the other cases separately. Despite the 
form of its resolution, we warn that W is not typically a height zero bundle. By Proposition 12. 5|, if we 
show 'Hom{E-a-3, E^is) is globally generated, the hypothesis that the expected rank of W is at least 2 
implies (p is surjective and W is locally free of the expected rank. 

Lemma 5.4. Let a, j3 he exceptional slopes of the form 

( p\ o fP + '^ 
a = e I — p 



^21 J V 29 

Then the sheaf 'Hom{Ep_'^,Ea) is globally generated. 

Proof. We induct on q, starting with q = —1 as a base case. Clearly ii a = k and (3 = k + 2 for some 
integer k then 7iom{Ej3^3, Ea) = C'p2(l) is globally generated. 

So suppose q > 0, and first assume p is odd. Putting rj = e{{p — l)/2'^), the induction hypothesis shows 
'Hom{Ep_^.,Er^) is globally generated. We have a = r].(3, so {E^^, E^, Ejs) is a triad. The canonical map 

En (g) Hom(S^, E^) £'« 

is surjective, so 

'Hom{Ep^-i,Er,) (g)'iiom{Er„Ea) nom{Ep.'i,Ea) 

is also surjective. Thus 'Hom(i?^_3, E'q) is a quotient of a globally generated bundle, and it is globally 
generated. 

When p is even, one reduces to the odd case by replacing (a,/3) with (— /3, — a) and then noting 
nom{E^^.3,E^p) ^ nom{Ep_3,Eo,). □ 

Next, put m3 = rct.i3{P{a.j3) — A^.^g — n) = Xa.p — ra.pn = xiEa.p ® Iz) (which is clearly a positive 
integer) and consider a general map 

W^E'^f ... 

-(q./3) 

We will see in a moment by a purely numerical calculation that the expected rank of W equals 
rk(£'^^^^^P — 1, so our hypothesis on the expected rank of W is equivalent to requiring m-sra./s > 3. 
In this case, 7iom{W, E_(^^ p-^) is globally generated. Indeed, from the defining sequence of W we have a 
surjection 

and global generation of the former bundle follows from the lemma. Thus the rank of ip is only less than 
ikW in codimension 2, and it is an injection. 



Lemma 5.5. Assume m^ra.fi > 3, and consider the cokernel Q in the exact sequence 



^ ^ i?™3 g ^ 0^ 



where W is given by an exact sequence 

We have rk((5) = 1, ci{Q) = 0, and c\i2{Q) = —n. 

Proof. The proof is an entirely numerical calculation, albeit a complicated one. The basic strategy is to 
use the identities of Lemma |2 . 1 1 repeatedly to remove instances of r^,, 

ri3,ra.i3, and a./3 from expressions. 
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Eventually we arrive at an expression only involving a and /3, which turns out to not require any special 
properties of q,/3. We first recollect 

fn\ = VaifJ- — a){a.f3) 

m2 = rpifi- 13 + 3){a.f3) 

"i3 = ra.p{P{a.f3) - Aa.p - n) 

and also 

n = -fifi) = {a.p){fi + 3) + 1 + A„.^ - P(a./3). 

Let us show rk(£'^^^^ i3)^ ~ fact, we will show this equality holds when rk(W^) is interpreted 

as the expected rank of W, so that the condition mzTa.p > 3 ensures the expected rank of W is at least 
2. Expanding, we have 

= rl p{P{a.p)- A^,p-n) 

= rl^{2P{a.p) - 2A^,p - {^i + 3)(a./3) - 1) 

and 

l+rk(VF) = l+rk(£;™^_3)-rk(£;!'^"'''"'"'"') 
= 1 + mira - {^ra.pmi - m2)r/3 

= 1 + r^(/i - a){a.p) - {Sra.pVaifJ. - a)(a./3) - rp{ij, - (3 + 3)(a./3))r^ 

= 1 + (r^ - 3ra.i3rari3 + - a){a.(3) + r^(3 + a - P){a.f3) 

= l + {rl + r}- 3rlr}{3 + q - - a)(a./3) + r}{3 + a- /3)(a./3) 

= 1 + rlrj ( ^ + ^ - 3(3 + Q - /3) ) (/i - a)(a./3) + r|(3 + a - /3)(a./3) 

= 1 + rlrj{2 - 2A/3 - 2A„ - 3(3 + a - /3))(;U - a)(a./3) + rj{3 + a - /3)(a./3) 

= 1 + rlrj{2 - 2P{a - /3) - 3(3 + a - /3))(^ - a)(Q.^) + r^(3 + q - /3)(a./3) 

= 1 - rlr}{3 + a - - a)(a./3) + r^(3 + a - /3)(a./3) 

= 1 - rlpifi - a)(a./3) + r2(3 + a- /3){a./3) 

Notice that our final expressions for rk(£^™^^ and 1 + rk(l^) both have the same coefficient of /U. Thus 
we are reduced to showing 

rlp{2P{a.f3) - 2A,.^ - 3(a./3) - 1) = 1 + r2^a(a./3) + r}{3 + a - /3)(a./3), 
an identity only involving exceptional slopes. Equivalently, we must show 
rl^{2P{a.f3) - 2A^.^ - (3 + a)(a./3) - 1) ^ 1 

r2(3 + a-/3) " (3 + q - /3) ^ "'^ 

or, applying Lemma l2.H 

rl{3 + a - /3)(2P(a./3) - 2A„,^ - (3 + a)(a./3) - 1) = /3. 

Since 

B 1 3 + a . 3 + a . / x,,^ 

-T+ , - = 2A, + — =2A^ -1 + {3 + a){a.p -a) 



r2(3 + Q-/3) r2 r2 (3 + a - /3) " r2(3 + a-/3) 
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this is the same as showing 

2P{a.l3) - 2A„./3 - 2A„ - (3 + a)(a./3) = (3 + a)(a./5 - q). 
Now using P{a — a.j3) = Aq, + Aq,^, we reduce to verifying 

2P{a.f3) - 2P{a - a.p) - (3 + a)(a./3) = (3 + a){a.p - a). 

This final equahty is true with any numbers x, y in place of a and a./3, so we conclude the required 
identity of ranks. 

To compute ci(Q), we perform a similar calculation. In case a. (3 = 0, observe ci{Q) = is obvious, so 
we divide by a./3 freely. On the one hand, 



- rk(£;™/ 



We also have 



cUW) 1 

= — - {miCi{E^a^3) - (3r„.^mi - m2)ci{E_p)) 

a.p a.p 

= ^(-miro(a + 3) + (3r„.^mi - m2)r^/3) 

= -i^lifJ- - ")(« + 3) + (3rQ,./3r„(/i - a) - ri^ifj, - /3 + 3))r/3/3 
= -"^aC/^ - ")(« + 3) + ^ra.(5rarp{^x - a)j3 - rj{^i - a)/3 - r|(3 + a - /3)/3 
= ifi- a){-rl{a + 3) + 3r2r^(3 + a - /3)/3 - r|/3) - r}{3 + a- 13)13 
= ifi- a){-rl{3 + a-(3) + 3rlr}{3 + a-(3)(3- (r^ + r^)/?) - r2(3 + a - /3)/3 
Let us verify the identity 

-rl{3 + a-(3) + 3rlrj{3 + a-f3)(3- {rl + r})^ = rl^{a.(3). 
Dividing both sides by ^ and applying P{a — j3) = A^ + A/j shows that it is equivalent to 

^ ^ 3/3 ^ /3(2P(a-/3)-2) _^ 



3 + a - /3 (3 + a - /3)2 
which is valid for any real numbers a, 13 with 3 + q — /3 7^ 0. Thus 

= rlp{,^-a){a.p)-rl{3 + a-P)f3 

= rlpifi - a)(a./3) - r}{3 + a - /3)(a./3) + r^(3 + a - /3)(a./3 - /3) 
= r2^^(M - a)(a./3) - r}i3 + a- /3)(q./3) - 1 
= -(l + rk(Ty)), 

comparing with our final expression for 1 + rk(VF) in the previous calculation. Since we already know 
rk(£'^^^^P = l + vk{W), we conclude ci(Q) = 0. 

It is possible at this point to prove ch2(Q) = —n by the same methods. However, we will later show 
that there is a bundle V with x(^) = rk(y)?i such that V <Si Q is acyclic, and this implies ch.2{Q) = —n. 
That result will not make use of any of the further discussion in the rest of this section, so we may safely 
use this fact at will. □ 

Corollary 5.6. Assume m^ra.p > 3. The sheaf Q in the sequence 
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is the ideal sheaf Iz of a zero- dimensional scheme Z C of degree n. 



Proof. If we can show Q torsion free, then there is an embedding Q — )■ Q** which is an isomorphism 
outside of codimension 2. Since rk(Q) = 1 and ci{Q) = 0, we have Q** = Op2, and it follows that Q = Iz 
for some zero-dimensional subscheme Z C P^. Its degree must be n since ch.2{Q) = —n. 

To verify that Q is torsion free, first observe that by construction the rank of ip only drops in codi- 
mension 2. Thus any torsion occurs in codimension 2. Let T C Q he the torsion subsheaf. If T 7^ then 
h^{T) > (since T has zero-dimensional support) and therefore h^{Q) > 0. 

However, we claim h^{Q) = 0. For this it suffices to verify = and h^iW) = 0. For the 

first, we simply note that — (a./3) < and is stable. To see h^iW) = it is enough to check 

h^{E^p) = and h^^E^a-s) = 0. The first equality follows from stability. To see the second, we have 
H^{E^a-3) = H^{Ea) = Ext^(C'p2, ^a), which is zero by Theorem[231 □ 

5.2. The resolution of Iz for fi > a. 13. At this point let us indicate how the previous arguments carry 
over to the case where fi > a./3 and rk(y) = (a./3 -|- 3)rQ.^. Begin from the resolution 

O^V^EJ^ ^ E™_^3 ^ 
with m2 = ra{<i + a — ^){a.j3 + 3) and mi = rp{j3 — fi){a.f3 + 3). This time we consider a general sheaf 

and assume the expected rank of W is at least 2 so that (j) is injective and W is locally free. Let 
7713 = —ra,p{P{a.j3) — /^a.p — n) = ra.pn — Xa.p = —xi^a./B ® Iz) > 0, and look at a general map 

-(a.(3)-3 ' 

easily verifying the bundle of such maps is globally generated. Verify by a numerical calculation that 
rk(M^) = l-l-rk(£'™^^ /3)-3-'' ®° that tp is injective and the cokernel Q has rank 1; furthermore we conclude 
that the expected rank of W is always at least 2, so there are no exceptional cases to consider here. 
Compute ci{Q) = 0, and conclude as before that Q is an ideal sheaf of a zero-dimensional subscheme 
Z C P^ of degree n. 

5.3. The resolution of Iz for fi = a./S, with V exceptionaL In case V is exceptional, things are 
substantially easier. We have 7(/i) < n, so let X > fi be the rational number with 7(A) = n (it has 
associated exceptional slope a./3 by Lemma 14.51 (1)), and let U he a stable bundle of slope A and rank 
{a.l3+3)ra.(3 with x{U) / rk{U) = n. Apply the discussion of Section [5r2] to U instead of V (and A instead of 
/i); we see that 771,3 = 0, and it follows from the numerical calculations that W itself is already an ideal sheaf 
Iz- We can then further calculate mi = xi^p ® Iz) and Sra^i^mi — m2 = —x{Ea ® Iz) = —xi^z, E-as) 
using the techniques of the proof of Lemma 15.51 (where mi and 771-2 are defined in terms of A instead of 
/i). Consider the resolution 

^ eI'^l'^'-""' ^ E^^^ ^Iz^O. 

Applying T-Lom{—, E-a--^) to this sequence and taking cohomology shows that in fact 

-x{Iz,E^a~3) = dimExt\l z,E^a~s) 

since Ep^E^a-?, is acyclic and E^a-s is simple. Similarly, applying H 0777(£'__(3 , — ) and taking cohomology 
gives 

x{E-i3,Iz) = dimHom(£;„^,/z). 

Thus we have a resolution 

^ E_„_3 ® Exti(/z, ^-a-s)* ^ E_p Hom(E_^, Iz)^Iz^^ 
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in case fi = a./3. 



5.4. The remaining cases. The only cases we have not yet covered are the cases msra.^ < 2 in case 
fi < a. 13. We will discuss the case where ra.p = 2 and = 1 in detail; the other cases can be handled 
in a similar but easier manner. 

If fa.p = 2 and = 1, we must have (a, a.f3, /3) = {k,k + + 1) for some positive integer k. We 
have 

= ra.i3{Pia.(3) - Aa./j - n) = 1, 

so 

n=^{k^ + Ak + 2). 

In fact, k = 21 must be even for n to be an integer. Write 

(2/ + l)(2/ + 2) 



n 



+ 1. 



Gaeta's theorem asserts that the ideal sheaf Iz of n general points has a resolution 



^ Op2(-2/ - 2) © Op2(-2Z - 3)' ^ Op2(-2/ - 

where M is a general matrix of forms of the appropriate degrees. After applying automorphisms of the 
bundles, the matrix M can be brought into the form 

^ X riT^ ■ ■ ■ oi I \ 



X 


qii ■ ■ 


■ qii 


y 


q2i ■ ■ 


q2i 


z 


qsi ■ ■ 


qsi 





QAl ■ ■ 


qn 



where the 



\o qi+2 ■■■ qi+2,lj 
are quadrics. In other words, the resolution can be rewritten as 



^ 0^2 (-2/ - 3)' ^ 0^2 (-2/ - 1)'"^ ©Tp 
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In particular, there is a map rp2(— 2/ — 2) — )■ (which is neither surjective nor injective). Consider the 
map of complexes 

^ rp2(-2/ - 2) ^ Iz ^ 



^ 0^2 (-2/ - 3)' ^ Op2(-2/ - ^ 

where the maps all come from the resolution and Iz is placed in the degree position. One can check 
this diagram commutes and is a quasi-isomorphism. Denoting the second complex by 14^* [1], this implies 
that is isomorphic to the mapping cone of the morphism rp2(— 2Z — 2) — )• Iz in the derived category 

D^(Coh(p2)). Thus there is a distinguished triangle 

W^'^rp2(-2/-2) ^ Iz^ ■ 

Note that we have proved this result for every general and the other outstanding cases can also be 
handled for general Z in this fashion. 

By working in the heart of a suitable t-structure on L'*(Coh(P^)), it is possible recover exactness. This 
idea will play a prominent role in Section [8l 
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We note that the case where n = C^^^) — 1 can also be handled by this method. Carry out the procedure 
for ^ < a. (3 = r using a non- exceptional stable bundle V of rank r having x/r = n. It is necessary to 
interpret W as a complex, but we obtain a distinguished triangle 

W Op2{-r) ^Iz^ ■ 

Let us recap what has been proved to this point. 

Proposition 5.7. In case fx < a. 13 or n = (^^^) — 1 there is a distinguished triangle 

for some Z G P^N^ where W* is a complex 

concentrated in degrees and 1. So long as xi^a.p® Iz)f'a.p ^ 3, W* is a vector bundle (sitting in degree 
0) and the distinguished triangle becomes an exact sequence. 
When fi > a. 13 and n ^ (^2^^) ~ 1? there is an exact sequence 

for some Iz, where W fits into an exact sequence 

In case n = a. (3, some Iz admits a resolution 

^ ^ E^t\lz, E^a^sT ^ ^-/3 ^ Hom(^„^, /z) Iz ^ 0. 

5.5. Interpolation for exceptional bundles. We now know enough about resolutions of ideal sheaves 
to show that the general Iz imposes the "expected" number of conditions on sections of a large family 
of exceptional bundles. This result will allow us to clarify the nature of our resolution of Iz- 

Theorem 5.8. Let Iz be a general ideal sheaf of n points, and let a./3 be the exceptional slope associated 
to the rational number fi with "y{p) = n. Let r] be an exceptional slope which satisfies 

(1) rj<a, 

(2) 77 = a.f3, or 

(3) V > P- 

IfH^iEr, » Iz) / 0, then H\E^ (S> Iz) = 0. 

That is, vanishing at a general collection of n points imposes the expected number of conditions on 
sections of E^j. We suspect the theorem is true for all but the cases where a < r] < (3 and r] ^ a. 13 are 
typically more difficult. 

Proof. This is an open property of Z, so it suffices to show the result holds for a specific Z. Suppose we 
are in the case ^ < a.j3 and xi^a./s ® Iz)ra.i3 > 3, and consider the exact sequence 

When T] < a, we claim H^{Ej^®Iz) = 0. We have Hom(£^_^, E_(^a.i3)) = by stability since —r] > —{a. 13), 
so it is enough to show Ext^(£'„^, W) = 0. From the exact sequence 

o^w^ i?!"^„3 ^ E^y ^ 

we see that we must verify Hom(£'_^, = and 'Ext^{E-.ri, E^a-s) = 0. The first group is zero 

since —rj > — /3, while the second is isomorphic to Ext^(-E_a, E-^i), which is zero by Theorem 12.41 because 
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-a < -T]. Thus H^{Er,®Iz) = 0. The case where 77 > /3 is similar. In case r/ = a./3, note that E^.p ® W 
is acychc since E^.j^ ® E-a-3 and -Eq-./j (8) E-13 are both acychc. Thus 

^^'(^^a./J » /z) = ExtH^-(a./3), = 

by rigidity. 

The other possibihties for fi are handled in the same way. □ 

In particular, we see that for the general ideal sheaf Iz we have 

dimHom(S_(c,./3),/z) = x(^q./3 ® Iz) = 

in case /x < a./3 and 

ms = -x{Ea.i3 ®Iz) = dimExt^(£'_(„.^),/z) = dimExt^(/z, £'_(a./3)-3) 

in case /x > a./3. 

We now conclude the section with our final result on the resolution of Iz- 
Theorem 5.9. Let Z he a general collection of n points. 

(1) In case fi < a.fi and xi^^a./s ® Iz)fci.i3 ^ 3, we have a resolution 

^ ^ ^„(^^^) C5 Hom(^„(^,^) , /^) ^ ^ 

where the map E_(^^ p^ (8) IIom(i?_(Q,^), — >• Iz is the canonical one. The isomorphism class of 
W depends only on Z , and W is a stable bundle with resolution 

where mi = ra{fi — a){a.f3) and m2 = rp[^ — /3 + 3)(q./3). 

(2) In case ^ > a. 13, we have a resolution 

^ ^-(a./3)-3 ® Ext^(/z,^„(,.^)_3)* ^W^Iz^^. 
The isomorphism class of W depends only on Z , and W is a stable bundle with resolution 



where mi = rp{j3 — fi){a.f3 + 3) and m2 = rQ,(3 + a — ij){a.j3 + 3). 
(3) In case /i = a. 13, we have a resolution 

^ ^_«_3 ® Exti(/^, S_„_3)* ^ Hom{E_p,Iz) ^ Iz ^ 0. 

Recall that we have already discussed how to prove the natural analog of this theorem in the cases 
where fi < a. (3 and xi^a./s ® Iz)i'a.i3 < 2 by working in the derived category. 

Proof. Let us focus on cases (1) and (2); the third case is easier. The key fact is that in either case a 
general bundle W with resolution of the prescribed form is stable, and, conversely, a general stable bundle 
W £ M(ch(iy)) admits a resolution of the same form as W. This will follow from Brambilla |BrmH 
Proposition 4.4 and Theorem 8.2] if we check Ext^(S_c_3, 1)) = (the necessary inequality to 

apply their theorem follows immediately from our inequalities on 7711/7712). This vanishing guarantees 
that the bundle W is prioritary, i.e. that Ex.t'^{W,W{—l)) = 0. 

To prove the required vanishing H^{Ea+3 i8> E_p_i) = 0, first observe that it is obvious in case a and 
13 are both integers. Thus we may assume (3 — a < 1. Write F = E^+s E-p-^, and observe that F 
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is acyclic and fi{F) = a — /3 > —1; we must show H^{F(2)) = 0. So let C C be a plane conic, and 
consider the exact sequences 

^ F ^ F{2) ^ F{2)\c ^ 
^ F{-2) F F\c ^0. 

Since F is acyclic, H^{F{2)) ^ H^{F{2)\c). We know H^{F\c) = since F is acyclic and H'^{F{-2)) = 
(as F{—2) is stable with slope greater than —3). But H'^{F\c) surjects onto H'^{F{2)\c), so we conclude 
H\F{2)\c) = Q. 

Suppose we are in the case ^jl < a. (5. By using Proposition 15.71 we see that there is some Z € P^W such 
that there is a resolution 

^ ^ E'^l^^^^ ^Iz^O 

with W stable (since it is general by construction) and having the specified resolution. By Theo- 
rem [5]8l 7713 = dimHom(E_(fj^), /^), so after performing an appropriate identification of C™^ with 
Hom(S_(fj^), J^) we see that either the map E_(^a:.0) ^ — )• Iz is the canonical one or there is some 
factor E_(^a.is) which maps to zero, and hence is a summand of W. But W is stable, so this is impossible, 
and the map is the canonical one. 

For a general Z with dimHom(£'_(Q,^), = x{F-(a.p)iIz)-, we consider the canonical map 

® Hom(^_(a.^),/z) Iz- 

The property that this map is surjective is open in Z, the property that the kernel is stable is open in Z, 
and the property that the kernel has the expected resolution is open in Z. Thus defining W to be the 
kernel, we obtain the desired resolution. 

The case where // > a./3 is similar. Sheaves W fitting into the sequence 

^ ^-(a./3)-3 C™3 ^ ^ Iz ^ 

are classified by elements of Ext^(/z, i^„(Q^)„3)™'\ If the ma components of such an element do not 
form a basis for Ext^(/z, £^_(q^)_3), then W will have E_^^ p'^_^ as a direct summand and will not be 
stable. When the components do form a basis, the isomorphism class of W is independent of the choice of 
elements, as different choices merely amount to different identifications C"^ = 'Ej'xX}'[Iz,E_(^^_jj-^_^)* . □ 

6. Orthogonality of Steiner bundles 

Let > 3 for this section. A general Steiner bundle E on p^~i = f>y is a vector bundle admitting a 
resolution of the form 

0^O^^_i ^0^^_i(l) ^^^0, 
where the o x 6 matrix M of linear forms is general. Consider the following fundamental problem. Given 
a second general Steiner bundle 

^ 0^'^„i ^ O^'iv-i(l) ^ F ^ 0, 

compute the dimension of the space Hom(F, E). 

Since Ext*(C'pjv-i (1), Opjv-i ) = for < i < — 1, it is easy to see that any homomorphism F ^ E 
lifts to a commutative diagram 

O^^.i (1) E 

(1) F 0, 
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and in particular determines a diagram 



^ Opjv_l ^ OmJV-1 (1) 



^ OpJV-1 ^ C'pJV-l (1) 

On the other hand, any diagram of the latter form induces a homomorphism F ^ E, and these construc- 
tions are inverse to one another. 

6.1. Kronecker modules and periodicity. The matrix M defining the Steiner bundle E can be 
thought of as an injective linear map S — t- ^ ® V*, where B,A are 6- and a-dimensional vector spaces, 
respectively. The preceding discussion shows that the space Hom(F, E) is naturally isomorphic the space 
of diagrams of the form 

B ^ A(S)V* 

B' ^ A' (g) V* 

In what follows, we will find it unnecessarily restrictive to assume E and F are vector bundles; instead 
we will turn our attention to the category whose objects are linear maps of the form B ^ A V* for 
some A, B, and where the morphisms from an object B' ^ A' V* to an object B ^ A V* are the 
diagrams as above. This category is an important object of study in Drezet |Dr2j . where such objects are 
called Kronecker V -modules. There is a natural action of SL(i?) x SL(A) on the space PHom(i?, A<SiV*). 
Denote by Kr(V, B, A) = Kr(N,b,a) the semi-stable objects in the GIT quotient of this action. If 
e : B ^ A0 V*, we will also denote by Kr[e) = Kriy^B^A) the space corresponding to the dimension 
invariants of e. 

We define the slope ^{e) of a Kronecker ^/-module e : B ^ A ® V* to he the number b/a. By |Dr2l 
Proposition 15], a Kronecker ^/-module e is semistable if and only if no sub-Kronecker y-module / C e 
has larger slope. From this it is easy to see that any semistable e : B ^ A®V* is an injective linear 
map, and that the associated map B ®V ^ A \s surjective |Dr2t Lemmas 16 and 18]. Recalling that 
N = diml/, define a number if^^ hy 

N + ViV^ _ 4 
Wn = :\ • 



In what follows, we will assume 



1 

— < ^(e) < iIjn, 
Wn 



noting that the possibility /x(e) > 1 means we have clearly departed from our original question about 
Steiner bundles. The inequality guarantees that the general Kronecker ^-module B ^ A®V* is semi- 
stable. Thus, B ^ A®V* is injective and B ®V ^ A\s surjective. 

Suppose we have a semistable Kronecker module of the form e : B ^ A® F*, where //(e) G 
The following phenomenon of periodicity was discussed in jDr2j . Starting from the map B ^ A®V* , 
we can instead view it as a map B ®V ^ A. We look at the exact sequence 

K ^ B®V ^ A^Q, 

and define T^{e) : -fC — )• B (8) ^ to be the induced Kronecker y*-module. On the other hand, we can start 
from e : i? — 7- j4 (8) y * , let Q be the cokernel 

and then induce from A (8) — )• Q an injective map T~(e) : A ^ Q ®V . 
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For the problem of computing the space of homomorphisms between two Kronecker ^/-modules, the 
fohowing result is fundamental. 

Proposition 6.1. The maps r"*" and r~ are functorial, and each defines an equivalence of categories 
between semi-stable Kronecker V-modules with slope in (V'jv^, V'Af) ^^^^ semi-stable Kronecker V* -modules 
with slope in (^^"'^, ?/^jv). There are induced isomorphisms Kr{e) = Kr{T^{e)) = Kr{T~ (e)). 



Proof. Most of this statement is discussed in |Dr2j . We verify the functoriality and equivalence statements. 
So suppose we are given a map / — )• e, i.e. a diagram 







B 







A'(g>V*. 



It naturally induces a map of the cokernels 

^ B ^ A(g)V* ^ Q 

q 



aC3id 



^ B' ^ A'(^V*.— 

and we induce a commutative square 

^A ^Q(^V 



Q' — -0, 







A' ^ Q' V. 

which gives the map T~{f) — ?■ T~(e). Similarly, a map / — s- e induces a diagram 

B®V ^A ^0 , 

/3i»id 

B' ®V ^ A ^ 

from which we obtain a map between the kernels, and hence a diagram 

^ K ^ B(^V 

/3®id 

^ K' ^ B' (g) V, 

i.e. a map T^{f) — )■ T^(e). 

Next we show that in fact r''~r~ = id, where r"*" is interpreted as a functor from Kronecker V*-modules 
to Kronecker ^/-modules. Suppose we have a map 



^B 



A®V* 



Q®id 



^B' ^A'(^^V*. 
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Apply T to obtain 



^Q0V 



A' 



Q' V. 



This induces a diagram 



A^V* 



aCgiid 



A'(g>V* 



Q 



Q' 



0, 



and T+r applied to our original map is the left-hand portion of the diagram 

^ K ^ A^V* ^ Q ^ 



0- 



k 

-K' 



a®id 
-A' 6 



V* 



Q' 



0. 



But by the universal property of kernels, the left square is canonically isomorphic to our original map of 
Kronecker 1/- modules. The other verifications are similar. □ 

For any integer n, denote by r" the n-fold composition of t+ if n is positive, and the (— n)-fold 
composition of r~ if n is negative (putting = id, = r = r"*"). We deduce that if e, / are Kronecker 
modules, then 

Hom(/, e) ^ Hom(r"/, r^e) for ah n £ Z. 

At this point, it is worth investigating what happens to the slope fi{e) under application of r. If 
e : B ^ A V* is a, Kronecker module then T(e) : K ^ B (^V, so fi{e) = b/a changes according to 



b dimi^ 

a 



Nb-a 



N 



or /x(e) I— )• iV — /i(e) ^. Clearly r ^ changes the slope according to the inverse ^(e) i— {N — ii{e)) ^. 
These transformations fix the numbers and preserve the interval {ipj^^ ,iPn)- We view the integers 
Z as acting on the interval (ipj^^ ,iPn) by letting the generator act hy x N — x~^. The orbit of any 
number in this interval has both numbers ip^^ as limit points, and the interval [1, A^ — 1) is a fundamental 
domain for the action. In particular, when studying the spaces Hom(/, e), we may always apply a suitable 
functor to reduce to the case where /i(e) G [1, A — 1). 

6.2. Orthogonality of Kronecker modules. Up until this point we have treated the question of 
determining Hom(/, e) from an essentially formal point of view. Now we wish to use the formal periodicity 
result to actually prove this space vanishes in some cases. 

It follows essentially formally from the definition of semistability that if e, / are semistable Kronecker 
y-modules with > //(e) then Hom(/, e) = 0. Here we are concerned with a much less trivial 

vanishing that is not a consequence of stability. 

Let e : B ^ A^V* he a, general Kronecker ^/-module with /u(e) E (^]^^, V'at), and let f : B' ^ A' ^V* 
be a general module with b' = a and a' = Na — 6; the dimension invariants of / are just the invariants 
of T~(e), although / is a Kronecker y- module instead of a Kronecker y*-module. We would like to be 
able to prove Hom(/, e) = in this case; the invariants here are rigged so that when /, e correspond to 
general Steiner bundles F, E we have xi^^ = 0, so this is the "strongest" vanishing statement that 
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can be expected to hold. Unfortunately, we will end up proving a marginally weaker statement, but it 
will still be strong enough for our purposes. 

Before describing the weaker statement, let us first investigate what the original statement means in 
terms of multilinear algebra. A homomorphism / — )■ e is a diagram 

^ ^ <S) V* 



^ — ^ £Na~b ^ y*^ 

We can view /3 and a (X" id as matrices of scalars, and e, / as matrices of linear forms. The columns of e 
form a general f)-dimensional subspace Wi of (8> F*; on the other hand the rows of / form a general 
{Na — 6)-dimensional subspace W2 of C"" (^V* . As /5 ranges over the b x a scalar matrices, the product 
e/3 ranges over all a x a matrices of linear forms with columns in Wi; likewise, as a ranges over the space 
of a X (Na — b) scalar matrices the product (a id)/ ranges over all a x a matrices of linear forms with 
rows in VF2. The question is thus the following: 

Question 6.2. Let Wi, W2 C ® be general complementary subspaces of dimensions b and Na — b, 
and suppose b/a & {ij)'^ ^ipj^). Do any nonzero a x a matrices with entries in V* have all their columns 
in Wi and all their rows in W2 ? 

What we will actually show is that if / is a general Kronecker module 

f ^ (^fc(Afa-f,) ^ y* 

and k is sufficiently large then Hom(/, e) = 0. We view this as being an "asymptotic" version of the 
original statement. 

Theorem 6.3. Consider general Kronecker modules 

A c" o V* 

^ka £^k(Na-b) ^ y* 

with fi{e) G ^iI^n). If k is sufficiently large, then Hom(/, e) = 0. 

Proof. First let us show that the general case follows from the case of = 3. We will then deduce the 
A^ = 3 case from the main result of |Hlj . 

Suppose A^ > 4, and that the statement has been proved for A^ — 1. By applying the appropriate power 
of r, we may assume that /i(e) G [1, A^ — 1). At least one of //(e) and N — fj,{e) is at least 2 since their sum 
is A^; without loss of generality assume //(e) = b/a is at least 2, as the other case is handled similarly. 

In terms of multilinear algebra, we must show that if Wi C 0V* is general of dimension b and 
W2 C C^" (8) V* is general of dimension k{Na — b), then no nonzero a x ka matrix with entries in V* 
has all its columns in Wi and all its rows in W2- Choose a 1-dimensional subspace Cx C V* , and fix 
a decomposition V* = Cx © iV')* . The numbers /t(e) — 1 = (b — a)/a and A^ — n{e) both lie in the 
interval [1,A' — 2) C (^]^^-|^, V'at-i), so by induction we may choose subspaces W[ C Cg) (V)* and 
C C''^^''-'') (g) (V)* of dimensions 6 - a and k{Na - b) = k{{N - l)a - (b - a)) such that no a x fca 
matrix with entries in (V')* has columns in W[ and rows in VFg- Now take Wi = (C" (8) Cx) + W[ and 
W2 = W2. Since no element of W2 has an x-component, we see that any matrix with columns in Wi and 
rows in W2 actually has columns in W[ and rows in VF^j which forces the matrix to be zero. 

In case A^ = 3, we recall the following theorem from |Hlj . Let n be a positive integer, and write 

n=-— — '- + S (0<s<r). 
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Suppose ip ^ < s/r < 1, where ip is the golden ratio. If k is sufficiently large, then a general vector 
bundle F given by the resolution 

^ Op2(r - 2)^^ ^ Op2(r - 1)^^+'-) ^ F ^ 

satisfies interpolation for n points; in fact, if Z is a general collection of n points, then F ® Iz is acyclic. 

To convert this statement to a form useful for our present circumstances, recall that when ^ < ^ < 1 
Gaeta's theorem gives a resolution 

^ Op2(-r - 2)^ ^ C'p2(-r)'-^+i © C'p2(-r - l)^^-'- ^ /z ^ 0, 

and that the map M is general since Z is. For simplicity assume s < r — 2, so that the general map 

Op2(-r - 2)" ^ Op2(-r - l)^^-'- 

is surjective and has locally free kernel E, 

O^E^ Op2(-r - 2)" ^ Op2(-r - l)^^-'^ ^ 0. 

Observe that since F{—r) and F Iz are both acyclic, it follows that the maps 

H\F{-r - 2)y ^ H\F{-r - l)f'~'' 

are isomorphisms for < i < 2, and therefore E F is acyclic. By Serre duality E F is acyclic if and 
only if T-Lom{F(—r + 2), E*{—r — 1)) is acyclic, so there can be no nontrivial commutative diagram 

^ Olr' 0^2(1) E*{-r - 1) 

O^i'+'^l) F{-r + 2) 0. 

Now if say ip^^ < b/a < 1/2 (which we may assume by applying a suitably negative power of r), put 
s = a and r = 2a — b. The inequality b/a > ip^^ precisely implies s/r > (p~^, and b/a < 1/2 gives 
s/r < 2/3. Furthermore, the inequalities 0.38 ~ ip^^ < b/a < 1/2 imply a > 5 since no rationals with 
denominator < 4 lie in that interval. From this it follows that s < r — 2, so that our original simplifying 
assumption was justified. Making the substitutions, we conclude that for general Kronecker modules 
e : ^ © and / : C'^'^ ^ cH^a-b) ^ y* j^^^^g Hom(/, e) = 0. □ 

6.3. Orthogonality of quotients of semi-exceptional bundles. As a simple application of our or- 
thogonality result for Kronecker modules, consider a triad [E,G,F) of exceptional bundles on P^, and 
put = dimHom(£^, G) = rki^. Let V, W be general quotients of the form 

0^£^*^ C ^ W ^ 

Qk(Na-b) _^ Y ^ Q 

with k sufficiently large. Since 'Hom{G, E) is acyclic, homomorphisms V correspond to diagrams 

^ E^ ^ 



g j^ka Q<k{Na—b) 

Alternately, W corresponds to a general Kronecker Hom(£', G)*-module e : C** — t- Cg) Hom(£', G), and 
V corresponds to a general f : C''" ^k{Na-b) ^ Hom(£;, G). Since E and G are simple, Hom(y, W) = 
Hom(/,e). 

30 



Corollary 6.4. Ifb/a G (i^jy'jipN) "-"^d k is sufficiently large, then 'Hom{V,W) is acyclic. 

Proof. The inequahties on b/a ensure that V and W are stable (as in the proof of Theorem 15 .Op . Then 
T-lom{V, W) is stable of slope 

{Nab -a'- b^) Tk{E) rk(G)(^(G) - f,{E)) 
^^^^ - = rk(W^)rk(y) ' 

which is nonnegative by the hypothesis on b/a, so Ext^(y, W) = 0. By Theorem l6.3l we see Hom(y^, W) = 
0. One easily calculates x(^i W) = using the additivity of the Euler characteristic, so Ext"'^(y, W) = 
follows. □ 



6.4. Computing spaces of homomorphisms. As another application of the orthogonality result, we 
can answer our motivating question from the beginning of this section, at least "asymptotically" in the 
first term. This result is not needed for our present discussion of Hilbert schemes, but we anticipate it 
being useful in further work on the topic. 

Suppose e : B ^ A V* and f : B' ^ A' V* are general semistable Kronecker ^/-modules with 
slopes in the interval {ipj^^ ,'tpi\i). The expected dimension of Hom(/, e) is determined by the following 
algebraic setup. A homomorphism / — >• e is a diagram 

^ B A^V* 



/3 



^ B' A' (g) V* . 

Since e and / are general and their slopes are in jiPn), the multiplication maps 

Rom{B',B) Rom{B',A^V*) Rom{A',A) Rom{B' , A (g V*) 

)-eo/3 ai— )'(a(X'id)o/ 

are both injective. The space Hom(/, e) can be viewed as the intersection of the images of these maps. 
We expect these images intersect transversely, so the expected dimension of Hom(/, e) is 

max{aa' + bb' - ab'N, 0}. 

Of course, unsurprisingly, if e and / correspond to Steiner bundles E and F on then this number is 
precisely max{x(-E, F),0}. 

Corollary 6.5. With the setup of the previous paragraph, if the dimension invariants a', b' of f are 

sufficiently large and divisible, then Hom(/, e) has the expected dimension. 

Proof. We may assume b' is of the form ka, where k is sufficiently large. We saw that if Wi C C" (8)1^* is a 
general 6-dimensional subspace and W2 C C'^^i^y* is a general /c(A^a — 5)-dimensional subspace then the 
subspace Ui of MataxkaiV*) consisting of matrices with columns in Wi is transverse to the subspace U2 
of matrices with rows in W2. Since Ui and U2 have complementary dimensions, it follows that the same 
fact is true if U2 is replaced by the subspace of matrices with rows in a general subspace W2 C C^"' ® V* 
of any dimension (in particular a'): if dimW2 < k{Na — b), then we will have C/i n C/2 = {0}, and if 
dim > k{Na - b) then Ui + U2 = Mataxfca(^*)- □ 



Clearly Corollary 16.41 can also be generalized to a statement about expected dimensions. 
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7. The effective cone of the Hilbert scheme of points 

We now combine our results on the resolution of ideal sheaves Iz with our results on the orthogonality 
of Kronecker modules to construct extremal effective divisors on the Hilbert scheme of points P^M. 

Theorem 7.1. Let fi be the minimum slope of a stable vector bundle on having the property x/r = n. 
If V is a general stable bundle of slope fi with x/f = n o,nd the rank ofV is sufficiently large and divisible, 
then V has interpolation for n points. In fact, if Z & p2["] {g general, then V®Iz is acyclic. Thus Dv{n) 
is an effective divisor spanning the ray 



^ 2 



o/EffP' 



.2 n 



Proof. Let a. (3 be the exceptional slope associated to fi, as in Section [5l and let Z G P^M be general. 
First assume /i < a.f3. We assume xi^a.p ® Iz)i"a.p > 3; the details in the other "derived" cases are 
essentially the same. We have a resolution 

^ ^ ^oME-(a.lS)Jz) Iz ^ 

as in Theorem 15.91 With rui, m2 as in the theorem, let y be a general bundle with resolution 

^ E^^":^^ ^ E^""^ ^ y ^ 0, 

where A; is a sufficiently large integer. Since -E/^-s (8) E_(^^ i^^ and Ea E_(^a.p) are acyclic, V ® E_(^^ p^ is 
acyclic. Thus it suffices to show V ®W \s acyclic. Now W has a resolution 

To show V IS, acyclic it suffices to show T-Lom{V, W*{—3)) is acyclic. But W*{—3) has a resolution 

Writing N = Sr^./s = dimHom(£'^_3, E^), a = mi, and b = Nmi — m2, we have Na — b = 7712, so we see 
Corollarv 16.41 implies the acyclicity of 'Hom(y,W*{—3)) as soon as we show b/a G {ip^ ^ipj^). But simple 
algebra shows the inequality 



mi N 3 

m2 6 \2 

from Proposition 15.31 is equivalent to the inequality 

b mo , 1 

a mi 

the other needed inequality is trivial to establish. 

When instead /i > a. 13, the argument is similar but even easier. As before it is enough to show F (8) Vl^ 
is acyclic (with V, W the obvious bundles) , and we have resolutions 

^ ^^'^ig ^ ^ ^* ^ 

^ e"!:,'^'-""' ^ e^^^ ^ W ^ 0. 

Thus it is not even necessary to apply Serre duality before using Corollary 16.41 

The case = a.p is a special case of Theorem 15.81 □ 
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Note that this proof also completes the proof of Lemma 15.51 ^-s it clearly implies ch2{Q) = —n. 

Finally, we show that in fact the effective divisor we just constructed is extremal. To do this, we 
construct a dual moving curve. That is, for the general Z G P^N^ we show that there is a (projective) 
irreducible curve C passing through Z with C ■ Dy{n) = 0. 

Remark 7.2. In case the exceptional slope a. (3 is an integer, it is easy to construct a moving curve 
classically. Write n = r(r + l)/2 + s, with < s < r. The assumption that a is an integer amounts 
to requiring either s/r > ip~^ or < 1 — ^p~^ , where 93 is the golden ratio; these two inequalities 
correspond to the possibilities ^ < a. (3 and ji > Q./3, respectively. In the former case, there is a dual 
moving curve given by letting n points move in a linear pencil on a smooth curve of degree r; in the 
latter case, we get a dual moving curve by letting n points move in a linear pencil on a smooth curve of 
degree r + 2. See [ABCHl IHTI [H2] for details. 

We have also described a dual moving curve in case a. (3 is a half-integer k/2, with k odd, and /.t < a. 13. 
Writing n as in the previous paragraph, this corresponds to the case where 

In this case, we showed in |Hll IH2j that for a general collection Z of n points there is a curve C of degree 
2r — 1 which has — (r — 1) — n nodes and no further singularities, such that Z moves in a linear pencil 
on C. Allowing Z to move in such a linear pencil describes a moving curve on P^M, and it is dual to the 
extremal divisor Dv{n). 

To describe a moving curve more generally, first suppose fi < a. (3. The cases with x{Ea.j3®Iz)fa.i3 < 2 
are all treated by the remark, as a. (3 is either an integer or a half-integer, so we ignore them. By Theorem 
15.91 for a general Z G P^I"! the kernel W of the canonical map 



® Hom(£;_(c,./3),/z) /z 

is a stable bundle. We thus obtain a rational map P^l'"] --4 MidniW)). When ^ > a. 13, the same 
statement is also true. The key fact is that M(ch(VF)) has dimension less than dim(P^["'l), so the fibers 
of this map will be positive-dimensional. 

Lemma 7.3. // /i is non- exceptional, let W he the bundle of Section O Then dim(M(ch(VF))) < 
dim(P^["l). Thus the general fiber of the rational map P^["l --4 M(ch(l^)) is positive-dimensional. 

Proof. Let a be the exceptional slope associated to /U, and suppose fi < a. Let V be the bundle of 
Proposition 15.31 (which does not include the asymptotic factor k). We've seen that general bundles in 
M{ch{V)) have a resolution of the same form as V, and general bundles in M(ch(W)) have a resolution 
of the same form as W. Thus the general V is determined by a Kronecker module /, and W* is 
determined by a Kronecker module e. We've seen that the dimension invariants of / are the dimension 
invariants of T(e). Since V has height zero, Drezet jDr2| shows M(ch(y)) = Kr{f) = Kr(e). There 
is also a dominant rational map Kr{e) --^ M[ch.{W*)) associating to a general orbit of semi-stable 
Kronecker modules the cokernel of the corresponding map of semi-exceptional bundles. We conclude 
dim(M(ch(VF))) = dim(M(ch(VF*))) < dim(M(ch(y))), so it wih be enough to show dim(M(ch(V))) < 
2n. 

Recall that M{ch.{V)) has dimension r{Vf'{2/\{V) - + We have 7(/i) = n and A(y) = 5{fi), so 
we must show 

r{V)\25{fi)-l) + l<2j{f,). 

We check this inequality holds for n G (a — Xa, a]. We have r{V) = ar^- The left-hand side is a convex 
function of [i, while the right-hand side is linear in [i. Thus it suffices to check the inequality holds at 
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the endpoints. We have 6{a — Xa) = 1/2, while 

2"f{a — Xa) = 1 + 3(a — x^) + (a — x^Y 
so the inequahty holds at At a, we have 



r{V)^{26{a) - 1) + 1 = (ar«)2(2(P(0) - A„) - 1) + 1 = {ar^f ■ \ + 1 = + 1 



while 



27(a) = + 3a + 1 2 ■ 



As n > 2 we have a > 1, so the required inequality follows. 

We also must check the inequality holds when fi £ {a, a + Xa); here things are slightly trickier. We 
have r{V) = (a + 3)ra, and we must verify 

(2) ((a + 3K)2(2d(/i) -1) + 1< 27(/i). 

The issue is that this inequality does not hold when substituting ^ = a (although it does still hold for 
H = a + Xa-, as 5{a + Xa) = 1/2). However, we have 



ciiy) ci(y)rQ, - (a + 3)ar 



2 



ji — a = — Q 



(a + 3)ra (a + 3)r2 

The numerator and denominator of this last fraction are integers, so since fj, ^ a we may assume 
A* > Aio := " + ((a + 3)r'^)~^. But in fact, plugging in = /iq to inequality ([2]) yields an equality, so the 
convexity argument shows the inequality holds when /i G (/io>« + Xa); we must rule out the possibility 
that /X = i^iQ can actually occur. So suppose /j, = hq. We have 

2n = 27(/io) = a2 + 3a + 1 + ^ = 2- ^, 

ri Ta 

which means that in fact we must have /x = a, as a < /i and Xcx/fa = n. Thus this case never actually 
arises, and the required inequality holds. □ 

Theorem 7.4. If fi is the minimum slope of a stable bundle on with x/f = n, then the effective cone 
o/P^["l is spanned by 

uH A and A. 

^ 2 

Proof. First suppose ^ < a./3, where a./3 is the exceptional slope associated to /i. Let Z G P^l"! be 
general. There is a resolution 

Q^W^ E_^a.p) ^ iiom{E_^a./^),Iz) -^Iz^O. 

Consider the space 

X = PHom(VF,^_(„,^) Hom(^_(«.^),Iz)), 
and let 4>z ^ X he a homomorphism giving rise to Z. Since T-Lom{W, E_^a.i3)) is globally generated. 
Proposition 12.51 shows the locus of homomorphisms (p € X such that the rank of (px drops in codimension 
less than 2 is an open subset U C X, and the compliment of U has codimension at least 2. The cokernel 
of any <j) £ U is the ideal sheaf of a subscheme of length n by the methods of Section O so we obtain a 
morphism U — t- P^W. Since Z is general, W is general and the morphism U — >• P^M must be nonconstant 
since the general fiber of the rational map P^["l --->• M(ch(Ty)) has positive dimension. 

Given any two points in U there is a complete irreducible curve in U passing through them, so there 
is a complete curve in U whose image in P^W is an irreducible complete curve C passing through Z. By 
construction, every scheme Z' corresponding to a point in C also admits a canonical resolution 

O^W^ E^t^a.p) ® Hom(S„(„,^),/z') ^ Iz' ^ 0; 
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note in particular that we have Ext^(£'_(„^), /^') = for every Z' by the argument in Theorem 15.81 so 
that the dimension of Hom(£'_(„^), /^/) is constant along C . Let y be a general bundle which gives rise 
to some effective divisor Dy{n) of Theorem 17.11 Since W is general, V ®W and V ® E_(^^_f^-^ are both 
acyclic. Therefore V ® Iz' is acyclic for every Z' £ C, and Z' ^ Dyin) for all Z' G C. We conclude 
C ■ Dy{n) = 0, and thus Dy{n) spans an extremal ray of the effective cone. 

The argument for ^ > a. (3 is identical. 

When /i = a. 13, the general Z has a resolution of the form 

and we take V = E^.p- The bundles E^i.p ® E-^-^ and E^^p ® E_p are both acyclic, so any Z which 
admits a resolution of this form does not lie in the divisor De^ ^ (n). As before we obtain complete curves 
passing through Z and missing the divisor by varying the homomorphism. □ 

Remark 7.5. The map iq : P^l"] p2["+i] given by taking the union of a scheme with a fixed point 
(7 € induces an isomorphism Pic(P^["'l) = Pic(P^["'"'"^l) identifying the divisors H and A in each space. 
Up to this identification, there is a natural inclusion Eff (P^t"^"^]) C Eff(P^["]). Combining the theorem 
with the results of Section U] we see that this inclusion is strict unless n is of the form (^^ ) ~ when 
both effective cones are spanned by rH — and A. 

In Table dl we explicitly compute the nontrivial edge of the effective cone of the Hilbert scheme P^W 
for small n. This data can be generated very quickly by computer using the results of Section HI Remark 
14.31 is especially useful for this. 

8. Connections with Bridgeland stability 

In [ABCHj . it was conjectured that there is a correspondence between the walls in the Mori chamber 
decomposition of the Hilbert scheme P^M and the walls in a suitable half-plane of Bridgeland stability 
conditions. Our goal for the rest of the article is to show that our computation of the effective cone 
of p2W ig consistent with this conjecture. The key step is to determine when exceptional bundles are 
Bridgeland semistable. 

8.1. Preliminaries on Bridgeland stability. We briefly summarize the necessary material from 
[ABCHj : we refer the reader to sections 5-9 of that paper for a full account. Let L>^(p2) = D^(cohp2) be 
the bounded derived category of coherent sheaves on P^. For any s G M, we define full subcategories J-g 
and Qs of coh(P^) by the requirements 

• Q £ Qs if and only if Q is torsion, or every quotient in the Harder-Narasimhan filtration of Q 
has slope larger than s. 

• F £ J^s if and only if F is torsion-free, and each quotient in the Harder-Narasimhan filtration of 
F has slope no larger than s. 

The subcategories {J-s, Qs) define a torsion pair for each s. Associated to this torsion pair is a corre- 
sponding t-structure on D'^(F^). The heart of this t-structure is the full abelian subcategory As of L'^(P^) 
given by complexes whose iJ~^-term is in J-g and whose iJ^'-term is in Qs, with all other cohomology 
sheaves equal to zero: 

As = {E' : H-^{E') G Fs, H°{E') G Q„ and H\E') = for other i}. 

Next we define on the category As a family of slope functions; these will depend only on the Chern 
character (r, c, d) = (cho, chi, ch2) of a complex E*. For each real number t > 0, put 

-ijr + {d-sc+^r) 

Hs,t[r,c,d) = ^ . 

t[c — sr) 
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Table 1. For each n > 2, the nontrivial edge of Eff P^^"'! is spanned by — ^A. The 
associated exceptional slope to /i is a. 



n 


a 




n 


a 




n 


a 




n 


Q 




2 


1 


1 


45 


8 


8 


88 


12 


71/6 


131 


15 


221/15 


3 


1 


1 


46 


8 


90/11 


89 


12 


143/12 


132 


15 


74/5 


4 


3/2 


3/2 


47 


8 


91/11 


90 


12 


12 


133 


15 


223/15 


5 


2 


2 


48 


8 


92/11 


91 


12 


12 


134 


15 


224/15 


6 


2 


2 


49 


17/2 


144/17 


92 


12 


182/15 


135 


15 


15 


7 


12/5 


12/5 


50 


17/2 


197/23 


93 


12 


61/5 


136 


15 


15 


8 


3 


8/3 


51 


9 


26/3 


94 


12 


184/15 


137 


15 


136/9 


9 


3 


3 


52 


9 


79/9 


95 


12 


37/3 


138 


15 


91/6 


10 


3 


3 


53 


9 


80/9 


96 


62/5 


62/5 


139 


15 


137/9 


11 


3 


10/3 


54 


9 


9 


97 


25/2 


312/25 


140 


15 


275/18 


12 


7/2 


7/2 


55 
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98 


25/2 
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15 


46/3 


13 
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15/4 


56 
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55/6 


99 


164/13 


164/13 


142 


77/5 
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14 
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57 
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37/4 


100 


13 


165/13 


143 


31/2 


479/31 


15 


4 
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58 
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28/3 


101 


13 


166/13 


144 


31/2 


31/2 


16 
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30/7 


59 


19/2 


179/19 


102 


13 


167/13 


145 


31/2 
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17 


9/2 


40/9 


60 


19/2 


19/2 


103 


13 


168/13 


146 


16 


125/8 


18 


23/5 


23/5 


61 


48/5 


48/5 


104 


13 


13 


147 


16 


251/16 


19 
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24/5 


62 


10 


97/10 


105 


13 


13 


148 


16 


63/4 


20 
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63 


10 


49/5 


106 


13 


105/8 


149 


16 


253/16 


21 


5 


5 


64 


10 


99/10 


107 


13 


211/16 
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16 


127/8 


22 


5 


21/4 


65 


10 


10 


108 


13 


53/4 


151 


16 


255/16 


23 


5 


43/8 


66 


10 


10 


109 


13 


213/16 


152 


16 


16 


24 


11/2 


11/2 


67 


10 


132/13 


110 


13 


107/8 


153 


16 


16 


25 
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17/3 


68 


10 


133/13 


111 


27/2 


121/9 


154 


16 


306/19 


26 
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35/6 


69 


10 


134/13 


112 


27/2 


27/2 
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16 


307/19 


27 
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70 
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135/13 


113 


27/2 
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16 
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28 
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71 


21/2 
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114 


14 


191/14 


157 


16 


309/19 


29 
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56/9 


72 


21/2 


95/9 


115 


14 


96/7 


158 


16 


310/19 


30 
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19/3 


73 


11 


117/11 


116 


14 


193/14 


159 


16 
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31 


13/2 


84/13 


74 


11 


118/11 


117 


14 


97/7 


160 


33/2 
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32 


13/2 


125/19 
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11 


119/11 
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14 
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76 


11 


120/11 
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14 


14 
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11 


11 
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14 
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78 


11 


11 
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14 
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17 


283/17 


36 
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79 


11 


78/7 
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14 
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17 


284/17 


37 
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36/5 


80 


11 
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14 


242/17 
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17 
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38 
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73/10 
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11 


79/7 
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14 


243/17 


167 


17 
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39 


37/5 


37/5 


82 


11 
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125 


14 


244/17 


168 


17 


287/17 


40 


15/2 


15/2 


83 


23/2 
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418/29 


418/29 


169 


17 


288/17 
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61/8 


84 


23/2 


23/2 


127 


29/2 


420/29 
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Then the pair As^t = {•^sjfJ's.t) forms a Bridgeland stability condition |Bril lAB] IBMj . One defines slope 
semistabihty of objects of As,t in the obvious way. For any Chern character and choice of (s,t), the 
moduh space Aip2{r,c,d) of semi-stable objects of Ag^t with given Chern character can be constructed 
as an Artin stack |APl lAB^ |L| IT] . These spaces can also be constructed as projective schemes using 
geometric invariant theory [ABCHt IBM2j . 

When E £ Qs is a. coherent sheaf, we regard it as an object of As by viewing it as a 0-complex. The 
following fact from [ABCHj is particularly relevant to the present discussion, so we single it out. The 
analogous fact for X3-surfaces was originally shown by Bridgeland [Brij . 

Proposition 8.1. Suppose E £ Qg is a Mumford-semistable sheaf. There is a number to > such that E 
is a iJ,s,t- semi- stable object of As for all t > tQ. Furthermore, there exists a uniform choice of to depending 
only on the Chern character of E. 

Conversely, it can be seen that if E' € As has cho(-E'*) > and E' is (s, t)-semi-stable for large t, 
then in fact H^{E') G Qs is a Mumford-semistable sheaf and H~^{E*) = 0. Thus E* is isomorphic to 
a Mumford-semistable sheaf in Qg. We conclude that if s < c/r and t ^ then the moduli space of 
semistable objects of As^t with Chern character (r, c, d) is just the ordinary moduli space of Mumford- 
semistable coherent sheaves. In particular, if s < and i ^ 0, the moduli space of (s, i)-semistable 
objects of As with Chern character (1,0, — n) is isomorphic to P^l'"] for large t. 

To understand the birational geometry of P^W^ -we study the problem of understanding how the 
moduli space of (s, t)-semistable objects of As with Chern character (1,0, — n) varies as (s, t) varies in the 
quadrant {s < 0,t > 0}. When the collection of semistable objects changes, it is due to {s,t) crossing a 
potential wall where some ideal sheaf Iz is destabilized. Precisely, for two Chern characters (r, c, d) and 
{r',c',d'), the corresponding potential wall is the subset 

W(r,c,d),{r',c',d') = {{s,t) : fis,t{r,c,d) = /i^,t(r',c',(i')}. 

When ii^ is a bundle with Chern character {r,c,d), we frequently write WE^(r',c',d') ^or the preceding 
wall, and similarly with the second argument. If £" — )• E' is an inclusion of objects of As, then E is 
potentially destabilized as (s,t) crosses the wall We,e'- In fact, elementary calculus shows that if {r,c,d) 
and {r',c',d') are not proportional then on one side of the wall we have fis,t{E') > ^s,t{E) and on the 
other we have ^s,t{E) > iis,t{E'). In particular, E cannot be semistable on both sides of the wall, but it 
could potentially be unstable on both sides. 

The geometry of the walls we must consider is particularly nice. Fix a Mumford-stable sheaf E with 
Chern character {r,c,d), and consider the family of walls WE^(r',c',d') as {r',c',d') varies. One wall is 
the vertical line s = c/r = fJ,{E), corresponding to {r',c',d') with the same slope c'/r' = ^{E). The 
other walls form two nested families of semicircles on either side of the vertical wall, with each semicircle 
centered on the s-axis in the st-plane. The center is positioned at the point 

rd' — r'd \ 
rc — r c / 

and it has radius 

rd'-r'dV ^/cd'-c'd\ 
rd — r'c J \rd — r'c J 

The formula for the radius of a wall becomes more transparent when one looks at a Mumford-stable 
sheaf E of slope c/r = 0. In this case, the Bogomolov inequality gives d < 0. If we let 

rd' — r'd 



then the wah W^^^r' ,c' ,d') has center (x, 0) and radius 

2d , , 

Y a; H < 

Noting that 2d/r is a fixed nonpositive number, we observe the fohowing basic fact. 

Lemma 8.2. The radius of a semicircular wall to the left of the vertical wall decreases as the center 
moves to the right, toward the vertical wall. Similarly, the radius of a wall to the right of the vertical wall 
decreases as the center moves to the left. 

The restriction that fJ.{E) = in the preceding discussion is not essential; formally twisting by —fj,(E) 
shifts all the walls by fJ.{E), so the general case follows from this. Thus in order to show one wall 
^E,{r',c',d') is nested in another WE^(r",c",d") it is enough to show both walls lie on the same side of the 
vertical wall and that the center of the first wall is closer to the vertical wall than the center of the 
second wall is. This fact can be useful, as the expression for the radius is far more complicated than the 
expression for the center. 

If is a Mumford-stable sheaf in Qs^, then we say an injection F ^ E in the category Ag^ destabilizes 
E at (so,io) if E is (sq, to)-semistable and (so,io) lies on the wall We,f, so that E,F have the same 
(so; io)-slope. In this case, for every {s,t) £ We,f the map F ^ E destabilizes E at (s,t); in particular, 
E and F are in As. Thus we say F destabilizes E along the wall We,f- Recall that fj,s^t{E) > iJis,t{E) for 
all on one side of the wall and ^s,t{E) < Hs,t{E) for all {s,t) on the other side of the wall; since E 
is Mumford-stable we see that in fact E is (s, t)-semistable for all {s,t) outside of the wall and E is not 
(s, t)-semistable for any {s,t) inside the wall. 

We may now describe the conjectural correspondence between Bridgeland and Mori walls for P^["l 
discussed in |ABCHj . Let Iz be the ideal sheaf of some Z S P^N^ and consider the family of walls 
^/z,(r',c',d')- We call a wall in this family a Bridgeland wall for the Hilbert scheme if some ideal sheaf 
Iz is destabilized along the wall. With n fixed, Bridgeland walls only depend on their centers, so we 
denote the Bridgeland wall with center (x, 0) by Wx- On the other hand, a Mori wall is a ray H + 

in EfFP^t"' where the stable base locus of a divisor in the ray changes; such walls depend only on the 
parameter y < 0. 

Conjecture 8.3. There is a one-to-one correspondence between Bridgeland walls Wx and Mori walls 
H -\- for P^["l given by the transformation 

3 

X = y . 

The collapsing wall is the Bridgeland wall where the general ideal sheaf Iz is destabilized; it is the 
innermost Bridgeland wall. The proof of the next theorem will occupy the rest of this section. 

Theorem 8.4. The center (x, 0) of the collapsing wall for W'^^'^'^ corresponds to the nontrivial edge ^lH 
o/Efr(p2W) by 

x = -(,. + 0. 

8.2. The destabilizing object for a general ideal sheaf. To prove Theorem 18.41 we need to identify 
the collapsing wall and verify the relation between its center and the edge of the effective cone. It is 
relatively easy to specify what the collapsing wall is; the difficult part is to show that the general ideal 
sheaf Iz is actually semistable along the collapsing wall. Here we describe the collapsing wall, and leave 
the proof of semistability of the general ideal sheaf for the next section. 
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Let ^ be the minimum slope of a stable bundle V with x/^ = ''^j a-nd let a. (3 be the associated 
exceptional slope to as in Section O Assume for now that < a.fi. Let Iz be a general ideal sheaf of 
n points. By Theorem 15.91 there is a distinguished triangle 

W Hom(^„(^,^), Iz) -^Iz ^ 

where W is the complex 
The shift 

E-(a.p) ® Hom(£;„(„.^),^^) ^Iz^ W[l] ^ 
is then also a distinguished triangle. In case xi^a.p ® Iz)ra./3 > 3, so that W = W is actually a 
stable vector bundle, we observe that fi{W) < since ci{W) = ci(-E_(q,^)) < and rk(VF) = 

rk{E_^a.p)) - 1- Thus if fi{W) < s < ^i{E_^a.i3)) we have E_(^a.p) G Qs and W £ Ts, so W[l] G As- Thus 
all the terms in the above triangle are in As, and we have an exact sequence 

in the category The cases with x[Ea.j3 ® Iz)'i'a.p < 2 are easily handled case by case, and we arrive 
at the same exact sequence if W is interpreted as a complex. Treating the cases where n > a. (3 and 
H = a.p similarly, it is natural to expect the following theorem is true. 

Theorem 8.5. Let Z € p2[n.] general. When fj, < a.p or n is of the form C^^) — 1, the canonical 
homomorphism 

E-(a.f}) «'Hom(^_(^.^),/2) Iz 

is a destabilizing subobject of Iz- 

If fJ. > a. 13, the canonical homomorphism 

Iz ^ ^_(c../3)-3[l] ^Extl(/z,£^_(a./3)-3)* 

is a destabilizing quotient object of Iz- In other words, this map is surjective in appropriate categories 
As, and its kernel W is a destabilizing subobject. 

If jJL = a.p and n is not of the form C"^^) — 1, the canonical homomorphisms 

E_i3 <S) }lom{E^p,Iz) Iz 

and 

Iz ^ ^-a-3[l] ® Ext^/Z, ^-a-s)* 

are destabilizing sub- and quotient objects of Iz, respectively. 

In each case, the center {x,0) of the corresponding wall is given by x = —{fi + |). 

Proving even one of the three cases of the theorem takes a large amount of calculation, so we focus 
exclusively on the case /x < a. (3, and further assume xi^a.p ® Iz)ra.i3 > 3. Verifying the other cases 
would be a good exercise to become comfortable with the arithmetic of exceptional slopes and Bridgeland 
stability. Let us point out the following general fact before beginning the proof: given any exact sequence 
of sheaves 

there is an equality Wa,b = Wb,c = Wc,a- These several descriptions of a given wall are frequently 
useful. 

Proof for /_f < Q./3 and xi^a./s "X" Iz)ra.i3 ^ 3. Consider the exact sequence 

^ ^ Hom(E_(„.^),/z) ^Iz^ W[l] ^ 0, 

valid in any category As with fi{W) < s < l^iE^i^^.p))- We must show the following facts: 
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(1) The wall W^7z,£;_(„^) = ^iz,w = ^E^^^ p^w is nonempty and lies between the vertical lines 
s = fJ.{W) and s = — (q./3). 

(2) The sheaf is (s, i)-semistable along the wall Wj^^E_,^a 

(3) The object W[l] is (s, t)-semistable along the wall Wj^^w 

From (2) and (3) it follows that Iz is semistable along the wall, since it is an extension of semistable 
objects of the same slope. 

Let us prove (1). Since walls W(^j.,c,d),E_^a ™to two nested families of semicircles on either side of 

the vertical wall s = —(a./?), to show that the wall Wi^^E_f^^ lies to the left of s = —(a./?) it is enough 
to show that its center lies to the left of this line (provided it is nonempty). For any exceptional slope 
a £ we have 

ch(£'Q,) = (ra,raa,ra ( - Ac 



2 

so the center of the wall 1^/z,£;_(q^) is positioned at the point {x,0) with 

ch2(-E;_(c,.^)) + cho(^_(c,./3))n _ a./3 /^^.p __!]___, 



chi(£;_(„.;3)) 2 a.f3 a./3 V 2^ 

using the fact that 

n = 7(^i) = {a.m^ + 3) + 1 + A^,^ - P{a.^). 

Thus the statement that x < — (a./3) is equivalent to the inequality fi > a. (3 — |, which is obvious since 
a. [3 is the associated exceptional slope to //. We conclude that if Wi^^e_^^ ^) is nonempty, it lies to the 
left of the vertical line s = — (a./3). Furthermore, the distance between the center of Wi^^e_(^^ and this 
line is —{a.p) — x = ^ — a. (3 + fi < 3/2. 

Likewise, to see the wall Wj^^w lies to the right of the wall s = ^J-iW), it suffices to see x > fJ-iW). By 
our final observation in the previous paragraph, we can show the distance /^(-^.j-^^)) — fJ-iW) between 
the two vertical walls exceeds 3/2. We have 

KE-(a.i3)) - KW) = -{a./3) + = -. 

Since 

= x{Ea.[s Iz) = Xa.p - nr^.p = Xa.p - l{f^)ra.(S 
we see this distance exceeds the number 

Q./3 _ 1 

iXa.l3 - 7("-/3 - Xa.p)ra.p)ra.p - 1 a^a./3?'a,/3 ' 

This final quantity depends only on the integer r^.p, and is an increasing function of r^./j. Already for 
fa.p = 1 it equals ip + \ k, 2.618, so Wj^^w niust lie to the right of s = ii(W) if it is nonempty. 
Finally let us show this wall is actually nonempty. The radius p of this wall satisfies 

(Q \ 2 X 5 

+ -J - 27(/.) = 2P{fi) + - - 27(/i) = 25{fi) + ^ > ^ 

since 6{fi) > 1/2 for all /i G Q. Thus the radius is at least V^/2; in particular the wall is nonempty. 

To complete the proof, it will be sufficient to show that i?_(Q./3) and W[l] are (s, t)-semistable outside 
of semicircular walls of radius at most y/5/2. We will prove this in the next section. □ 
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9. Bridgeland stability of exceptional bundles 



In this section we investigate the Bridgeland semistabihty of exceptional bundles in order to complete 
the proof of Theorem 18.51 Our main result ensures that the locus of {s,t) where an exceptional bundle 
is not {s, t)-semistable is not "too large." 

Theorem 9.1. Let a,f3 he exceptional slopes of the form 

where p is even. The exceptional bundle Ep is semistahle along the wall We^^e^- Thus it is {s,t)- 
semistahle for all {s,t) outside this semicircular wall. 

We will see later that the wall We^,Ei3 is nonempty and lies to the left of the vertical wall s = ^^{Ep) = f3 
so long as g > 1. In case f3 is an integer, we have Ej3 = C'p2(/3) and Ejs is (s, t)-semistable for all s < (3 
by |ABCm Proposition 6.2]. We thus assume q > 1 for the rest of the section. 

To prove the theorem it will be necessary to simultaneously address the semistabihty of shifted excep- 
tional bundles of the form The next lemma will allow us to treat these on an essentially equal 
footing with ordinary exceptional bundles. 

Lemma 9.2. Let E be a Mumford- stable sheaf, and suppose either E £ Qg or E £ J^si write E' = E 
in the first case and E' = E[l] in the second case, so that E' G As. Then E' is {s,t)-semistable for 
sufficiently large t. If E' is {sQ,tQ)-semistahle for some {sQ^to), then E' is {s,t)-semistable whenever the 
semicircular wall passing through (so,to) is riested inside the semicircular wall passing through {s,t). 

In [ABCHt Section 6] the case where E £ Qg was handled; when E £ J^g similar methods can be used, 
so we omit the proof. Note in particular that the walls for £"[1] are the same as the walls for E; however, 
while the relevant family of semicircles for a sheaf E £ Qg is the family to the left of the vertical wall 
s = f^{E), the relevant family of semicircles for £'[1] when E £ J^g is the family to the right of the vertical 
wall s = ^i{E), as this is the region where E[l\ £ Ag. 

It will be useful to introduce some additional exceptional slopes. We put 

where p is even and q>l. Observe that /3 = a.rj, ii p = 2 (mod 4) then a = C2-1]j ™d if p = (mod 4) 
then T] = a.ujQ. The significance of the slopes Q and coi is provided by the following result from |Drlj . 

Theorem 9.3. Let i £ {0,2} be such that i = p (mod 4). There are exact sequences of vector bundles 

Eq Ea® Yiom{Ea,Ei3) E/s^O 

and 

Q^Ep^Er^® Rom{Ep,E^y E^^ 0. 

The theorem provides an inductive description for building up Ejs in terms of simpler exceptional 
bundles. We record how these exact sequences interact with the categories Ag. 

Proposition 9.4. For each of the following four cases, there exists some (s, t) such that the displayed 
sequence is an exact sequence of objects of Ag with the same fig^t-slope. 
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(1) For p = (mod 4) or q= 1, 

^ (g) Yiom{Eo„ Ep) ^Ep^ E(^^ [1] 0. 

(2) For p=2 (mod 4) and q > 2, 

0^ E(;^^ Ea(^ Bom{Ea, Ep) Ep^Q. 

(3) For p = (mod 4) and q > 2, 

^ Ep[l] ^ » Rom{E^,E^y ^ E^^Jl] ^ 0. 

(4) For p = 2 (mod 4) or q = 1, 

O^E^^^ E[s[l] ^ ^^[1] «) Hom(E;3, ^^)* ^ 0. 

Before proving the proposition let us isolate some numerical facts that will be useful. 

Lemma 9.5. Let a, (5 he two exceptional slopes as in this section, except do not require that p be even 
(so that, in particular, this result also applies to the pair of slopes (/3,ry) from this section). The center 
of the wall WEa,Efi is located at the point {x,0) with 

a + p Ap-Aa 
X = — h 



a — /3 

and the radius p satisfies 

.=.(^)^.,«-.).(^^^ 

In fact, the formula for the center is valid for any two exceptional slopes in <§ (the formula for the radius 
is not). 

The proof is a straightforward computation with the formulas of the previous section. Quantities of 
the form (A^ — Aa)/{oL — (3) occur frequently, and we must estimate them. 

Lemma 9.6. With the notation of this section, suppose q >2. Then 

^^<-l and %^>1. 
a — p P — f] 

When 9 = 1, the first quantity equals —3/4 and the second is 3/4. 

Proof. We verify the first inequality. It is equivalent to 

a-2A^> P-Ap-A^ = f3-P{a- /3). 

This can be rearranged to give 

4 > ^(/3-a)(5 + a-/3). 

Since a < /3, it is enough to show 

^(/?-«)<;i- 

^ 'a 

Since /3 = a.r\, we find 

1 

/3 — a 



r2(3 + a - r/) 

As g > 2 we have — a < 1/2, and the required inequality follows. □ 
Corollary 9.7. The walls We^,E0 o,nd We0,e^ o,re nonempty. 

Proof. Lemmas 19.51 and 19.61 show the radius p of each wall satisfies p > 0. □ 
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Proof of Proposition \9.4\ In each case, the result amounts to showing that an appropriate (nonempty) 
potential wall lies in the region where all the objects in the exact sequence lie in the category As- 

(1) Suppose p = (mod 4). We must show the wall We^Ei} = We^^,Ei3 = WEi.^,Ea lies in the strip 
{{s,t) : Co < •s < ct}, where the exact sequence is valid in As- For this we may show the center of the 
wall lies in the strip. Using the description of the wall as WE^^.Ea: we must verify the inequalities 

Co < — ^ — + T — < a. 

2 a - Co 



But a — Co ^ 1 (with equality for = 1), so 



Aco - Ao 



1 

<2' 



a - Co 

and both inequalities hold. 

(2) li p = 2 (mod 4) and q > 2, then noting C2 < a < /5 we claim the wall WEa,Ep = WE^,Ei;^ lies to 
the left of the vertical wall s = C2) i-e. that 

" + C2 , A^2 - A„ 

— o ^ 7 — < ''2- 

2 a - C2 

Recalling C2 = ^{ip — 2)/2''), we see that Lemma [9l6] gives 

Ac2 - A^ ^ _3 
a - C2 ~ 4 

since q >2- But (a + C2)/2 — C2 = (a — C2)/2 < 1/4, so the required inequality holds. 

Cases (3) and (4) are mirror images of the previous two cases. □ 

Lemma 9.8. The wall WEa,E0 is nested inside the wall WE^,Ea0, o,nd the wall We^,Ep is nested inside 
the wall WE^,Ef,,r,- 

Proof. We check the first statement. The center of the wall We^.e^ is positioned at the point (a;,0) with 

^_a + /3^A;3-A<, 



2 a- 13 

We have (a + /3)/2 — a = (/5 — a)/2 < 1/4 since g > 1, so Lemma 19.61 shows x < a and thus the wall 
WEa,Ef, is centered to the left of the vertical wall s = a. To show it is nested inside WEa,E^ij-, we use 
Lemma 18.21 and show the center of the latter wall lies to the left of the center of former. In symbols, we 
must establish the inequality 

a + a-P ^ Aa,i3 - Ag ^ a + /3 ^ - Aa 



2 a — a-p 2 a — p 

Using the by now standard identities of Lemma 12.11 one easily shows this inequality is equivalent to the 
inequality 2A^ < 1. 

Note that the wall We^^e^ is located to the right of the wall s = rj; otherwise the argument is 
identical. □ 

Corollary 9.9. The walls WEa,Ei3 md We^^e^ have radius smaller than y/h/2. 

Proof. Consider the sequence of walls 

WEa,E0 ; WEa,Ea.p ) ^£^Q i-Eq,. (a ./3) ' ^-S'a . (a. (a ./3)) ' ' ' ' 

with each wall nested inside the next. The sequence 

/?, a./3, a.(a./3), a.(a.(a./3)), . . . 
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is decreasing and converges to a + x^, and the discriminants of the corresponding exceptional bundles 
converge to 1/2. Thus the squares of the radii increase and converge to 

2 

_ 5 
" 4' 

so the radius of We^^Ep is smaller than \/5/2. □ 

When combined with Proposition 19.41 Lemma [9.8l provides the main technical tool we need to complete 
the proof of Theorem 19. 1[ 




Proof of Theorem \9.1\ We will prove by induction on q that Ep is (s, t)-semistable along the wall WEa,Ep 
and that is (s, t)-semistable along the wall WEp,Er,- The conclusion is true for line bundles, so 

by induction we may assume the result is true for the exceptional slopes Q,a,T],uJi. We must show the 
corresponding walls where these exceptional bundles and their shifts are destabilized are nested inside 
WEa,E0 or WEp,Er, as necessary in each case. 

Case 1: p = (mod 4) or q = 1. Here we have an exact sequence 

0^ E^® Hom(^a, Ep) -^Ep^ [1] ^ 

of objects of As with the same ^^^j-slope for each {s,t) G We^^Eb- Decompose a = a.T for some 
exceptional slopes a, r with a < t. By induction, Ea is (s, t)-semistable outside the wall We^^Ec^- We 
may write 

'p'-2\ / p' \ fp' + l\ /p' + 2 

a = e \ ; — a = e { — t a.T ' - ' 



2q' J \29'y ' \ 2'i' J \ 21' 

with p' = 2 (mod 4) and q' < q. By Theorem 19.31 there is an exact sequence 

^ E^ ^ Ea ® Hom(£;Q, Ea.r) — ^ Ea.T — ^ 0, 
so there is an equality of walls WEa,E^ = WEa,Ea,r- Now the sequence of walls 

WEa,Ea.Tl ^-Ea,-Ba.(Q.T) ' ^-^^Q i-^^Q . {a . (a.r)) ' " " " 

has each wall nested in the next. But /3 is one of the products a.r, a.(a.T), a.(a.(a.r)), ... so we conclude 
WEa,Ea is nested in We^^e^, and E^ is (s, t)-semistable along the wall We^Eib- 

We must also show -E'(;o[l] is (s, t)-semistable along We^Eis- Prom Theorem 19.31 we see WEa,Ep = 
WEa,Ec^^- Noting = bjQ — 3, the center of W^;^,^;^^ is located at the point (x, 0) with 



a + Wo - 3 - Aq, 3 3 

7. + TT = «-^o - = - TT- 

1 6 + a — ujQ I 2 



We may write 



29' J \ 21' J \2i' J V 2'?' 

with p' = 2 (mod 4), and observe Co = cr'.r'. By induction -Efjjl] is (s, t)-semistable outside the wall 
WE^^,E^f From the exact sequence 

^ ^a'.Co ^ ^Co ® Hom(^^.,(^o,^^J* Er' ^0 
we see that We^^,e^, = We^^,e^, By the same argument as in the previous paragraph (making use of 
the other half of Lemma l9.8p . this wall is nested inside Wei^^,e,,^3- This semicircle lies in the same family 
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of semicircles as We^^^^Ec^ (and both are to the right of the vertical wall s = Co) so we show that the 
center of VFe^^,£;^_3 lies to the left of the center of WE(-^,Ea- This amounts to the inequality 



which can be rearranged to 



— ^ 3+ '- <r]- -, 

2 rj — ojQ 2 

+ TT^ > V, 



2 3 + r] - ujQ 
i.e. rj.LjjQ > 7], which is true. 

Case 2: p = 2 (mod 4) and q > 2. This case is considerably easier than the previous one. We have an 
exact sequence 

0^ E^^^ Ea<S) Ilom{Ea, Ep) E,3 ^ 
along the wall We^,Ei3 ■ By induction, Ea is semistable along the wall We^,E(;^ = WEa,Ep ■ If we decompose 
(2 = cr.T then E,^^ is semistable along We„,E(^^- This wall equals We^^,e^2 ^, so We^,E(^^ is nested inside 
^Et^^^Ea — ^Ea.Ep- Thus both Ea and Ef^^ are semistable along WEa,Ep- 

Shifted objects can be handled in the same manner. □ 

End of the proof of Theorem \8.5[ By Theorem 19.11 and Corollary 19. 9| any exceptional bundle is {s,t)- 
semistable outside a wall of radius smaller than \/5/2. It remains to show the same is true for 
Using the notation from this section, we can choose integers ki,k2,p,q such that W has a resolution of 
the form 

o^w ^ e';' ^ E^^ 0, 

Co ' 

and we may assume p = (mod 4). We obtain an exact sequence 

O^E^^ ^ W[l] E^^l [1] ^ 

valid in Ag for any s with C,q < s < a (noting that ^J-iW) < Co)- Case 1 of the proof of Theorem 19.11 
shows Ea and -E^oil] semistable along the wall We^e^;^ = We^^e^- But this wall has radius smaller 
than v/5/2 by Corollary EH □ 
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